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Text. Let k be a subfield of C which contains all 2-power 
roots of unity, and let K = k(α1, α2, . . . , α2g+1), where the 
αi’s are independent and transcendental over k, and g is 
a positive integer. We investigate the image of the 2-adic 
Galois action associated to the Jacobian J of the hyperelliptic 
curve over K given by y2 =

∏2g+1
i=1 (x − αi). Our main result 

states that the image of Galois in Sp(T2(J)) coincides with 
the principal congruence subgroup Γ (2) � Sp(T2(J)). As an 
application, we find generators for the algebraic extension 
K(J [4])/K generated by coordinates of the 4-torsion points 
of J .

Video. For a video summary of this paper, please visit 
http://youtu.be/VXEGYxA6N8w.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Fix a positive integer g. An affine model for a hyperelliptic curve over C of genus g
may be given by

y2 =
2g+1∏
i=1

(x− αi), (1)
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with αi’s distinct complex numbers. Now let α1, . . . , α2g+1 be transcendental and inde-
pendent over C, and let L be the subfield of C(α) := C(α1, . . . , α2g+1) generated over C
by the elementary symmetric functions of the αi’s. For any positive integer N , let J [N ]
denote the N -torsion subgroup of J(L̄). For each n ≥ 0, let Ln = L(J [2n]) denote the 
extension of L over which the 2n-torsion of J is defined. Set

L∞ :=
∞⋃

n=1
Ln.

Note that C(α1, . . . α2g+1) is Galois over L with Galois group isomorphic to S2g+1. It is 
well known [5, Corollary 2.11] that C(α1, . . . , α2g+1) = L1, so Gal(L1/L) ∼= S2g+1. Fix 
an algebraic closure L̄ of L, and write GL for the absolute Galois group Gal(L̄/L).

Let C be the curve defined over L by Eq. (1), and let J/L be its Jacobian. For any 
prime �, let

T�(J) := lim
←n

J
[
�n
]

denote the �-adic Tate module of J ; it is a free Z�-module of rank 2g (see [6, §18]). For 
the rest of this paper, we write ρ� : GL → Aut(T�(J)) for the continuous homomorphism 
induced by the natural Galois action on T�(J). Write SL(T�(J)) (resp. Sp(T�(J))) for the 
subgroup of automorphisms of the 2-adic Tate module T�(J) with determinant 1 (resp. 
automorphisms of T�(J) which preserve the Weil pairing). Since L contains all 2-power 
roots of unity, the Weil pairing on T2(J) is Galois invariant, and it follows that the image 
of ρ2 is contained in Sp(T2(J)). For each n ≥ 0, we denote by

Γ
(
2n

)
:=

{
g ∈ Sp

(
T2(J)

) ∣∣ g ≡ 1
(
mod 2n

)} � Sp
(
T2(J)

)

the level-2n principal congruence subgroup of Sp(T2(J)).
Our main theorem is the following.

Theorem 1.1. With the above notation, the image under ρ2 of the Galois subgroup fix-
ing L1 is Γ (2) � Sp(T2(J)).

Before setting out to prove this theorem, we state some easy corollaries.

Corollary 1.2. Let G denote the image under ρ2 of all of GL. Then we have the following:
a) G contains Γ (2) � Sp(T2(J)), and G/Γ (2) ∼= S2g+1.
b) In the case that g = 1, G = Sp(T2(J)) = SL(T2(J)).
c) For each n ≥ 1, the homomorphism ρ2 induces an isomorphism

ρ̄
(n)
2 : Gal(Ln/L1)

∼→ Γ (2)/Γ
(
2n

)

via the restriction map Gal(L̄/L1) � Gal(Ln/L1).



Download English Version:

https://daneshyari.com/en/article/4593624

Download Persian Version:

https://daneshyari.com/article/4593624

Daneshyari.com

https://daneshyari.com/en/article/4593624
https://daneshyari.com/article/4593624
https://daneshyari.com

