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We study the sunset graph defined as the scalar two-point 
self-energy at two-loop order. We evaluated the sunset integral 
for all identical internal masses in two dimensions. We give 
two calculations for the sunset amplitude; one based on an 
interpretation of the amplitude as an inhomogeneous solution 
of a classical Picard–Fuchs differential equation, and the other 
using arithmetic algebraic geometry, motivic cohomology, and 
Eisenstein series. Both methods use the rather special fact 
that the amplitude in this case is a family of periods associated 
to the universal family of elliptic curves over the modular 
curve X1(6). We show that the integral is given by an elliptic 
dilogarithm evaluated at a sixth root of unity modulo periods. 
We explain as well how this elliptic dilogarithm value is related 
to the regulator of a class in the motivic cohomology of the 
universal elliptic family.

© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Scattering amplitudes are fundamental objects describing how particles interact. At 
a given loop order in the perturbative expansion in the coupling constant, there are 
many ways of constructing the amplitudes from first principles of quantum field theory. 
The result is an algebraic integral with parameters, and the physical problem of efficient 
evaluation of the integral is linked to the qualitative mathematical problem of classifying 
these multi-valued functions of the complexified kinematic invariants. The amplitudes are 
locally analytic, presenting branch points at the thresholds where particles can appear.

These questions can be studied order by order in perturbation. At one-loop order, 
around a four dimensional space–time, all the scattering amplitudes can be expanded in 
a basis of integral functions given by box, triangle, bubbles and tadpole integral functions, 
together with rational term contributions [7,13,41] (see [6,12] for some reviews on this 
subject).

The finite part of the ε = (4 − D)/2 expansion of the box and triangle integral 
functions is given by dilogarithms of the proper combination of kinematic invariants. 
The finite part of the bubble and tadpole integral is a logarithm function of the physical 
parameters.

The appearance of the dilogarithm and logarithms at one-loop order is predictable 
from unitarity considerations since this reproduces the behavior of the one-loop scattering 
amplitude under single, or double two-particle cuts in four dimensions.

The fact that one-loop amplitudes are expressed as dilogarithms and logarithms can 
as well be understood motivitically [10,11], but the status of two-loop order scattering 
amplitude is far less well understood for generic amplitudes (see for instance [18,28,29,35]
for some recent progress).

The sunset integral arises as the two-loop self-energy diagram in the evaluation of 
higher-order correction in QED, QCD or electroweak theory precision calculations [4], 
or as a sub-topology of higher-order computation [18]. As a consequence, it has been the 
subject of numerous analyses. The integral for various configurations of vanishing masses 
has been analyzed using the Mellin–Barnes methods in [43], with two different masses 
and three equal masses in [33]. An asymptotic expansion of the sunset integral has been 
given in [16]. Various forms for the integral have been considered either in geometrical 
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