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1. Introduction

In the number field context, a prime M is called a Mersenne prime if it is of the form
M = 2P — 1 for some prime p. The Mersenne primes are among the integers of the form
(14 a)™ — 1, where a, m are positive integers. It is a classical result that if (1+a)™ —1
is a prime for some positive integers a, m with m > 2, then it is necessary that a = 1
and m = p for some prime p.

There are many strong analogies between number fields and function fields. We refer
the reader to the excellent references [2,10,12] for these analogies. The analogous pictures
between number fields and function fields are clearly reflected when one considers the
analogies between the two couples (Z, Q) and (F[T],F(T)), where F is a finite field. The
aim of this article is to search for new analogous phenomena between number fields and
function fields. Specifically we will study the notion of Mersenne primes in the Carlitz
module context, and relate them to the arithmetic of cyclotomic function fields. We
also study the acquaintances of Mersenne primes including Wieferich and non-Wieferich
primes in the Carlitz module setting that were introduced by Thakur [11,13].

Let us now introduce a Carlitz analogue of Mersenne primes. We begin by introducing
some basic notation used here.

Let ¢ = p®, where p is a prime and s is a positive integer. Let F, be the finite field of ¢
elements. Let A = Fy[T], and let k = F¢(T'). Let 7 be the mapping defined by 7(z) = 29,
and let k(7) denote the twisted polynomial ring. Let C' : A — k() (a — C,) be the
Carlitz module given by Cr = T+ 7. Let R be a commutative k-algebra. The definition
of the Carlitz module C is equivalent to saying that Cr(a) = T'a + a4 for every a € R.

It is known that C,(x) is analogous to (14 x)™ —1 € Z[x]. This analogy suggests the
following definition: a prime in A is called a Mersenne prime if it is of the form aCp(1),
where P is a monic prime in A and « is a unit in A.

To draw an analogy between the above notion of Mersenne primes and that of
Mersenne primes in the number field context, we prove in Section 2 a Carlitz mod-
ule analogue of the classical result in elementary number theory that was mentioned in
the first paragraph of this introduction.

Let us now describe the content of the paper. In Section 2, we introduce the notions
of Mersenne numbers and Mersenne primes in the Carlitz module context. As remarked
in [8], it is not known whether there are infinitely many primes p for which the Mersenne
numbers 2P — 1 are composite. In contrast to the number field setting, we prove in the
Carlitz module context that for every ¢ > 2, there are infinitely many monic primes g
in Fy[T] such that the Mersenne numbers C,(1) are composite.
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