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Let ε : N → R be a parameter function satisfying the condition 
ε(k) +k+1 > 0 and let Tε : (0, 1] → (0, 1] be a transformation 
defined by

Tε(x) =
−1 + (k + 1)x

1 + ε(k) − kε(k)x
for x ∈

(
1/(k + 1), 1/k

]
.

Under the algorithm Tε, every x ∈ (0, 1] is attached an 
expansion, called generalized continued fraction expansion 
with parameters by F. Schweiger [3]. Define the sequence 
{kn(x)}n≥1 of the partial quotients of x by k1(x) = �1/x�
and kn(x) = k1(Tn−1

ε (x)) for every n ≥ 2. It is clear that 
under the condition satisfied by the parameter function ε, 
kn+1(x) ≥ kn(x) for all n ≥ 1. In this paper, we consider 
the size of the set given by

Eε(α) :=
{
x ∈ (0, 1] : kn+1(x) ≥ kn(x)α for all n ≥ 1

}

for any α ≥ 1. We show that

dimH Eε(α) =

⎧⎨
⎩

1
α
, when ε(k) ≡ ε0 (constant);
1

α−β+1 , when ε(k) ∼ kβ and α ≥ β ≥ 1;
1, when ε(k) ∼ kβ and α < β.

where dimH denotes the Hausdorff dimension. The first result 
generalizes a result of J. Wu [5] who considered the case when 
ε ≡ 0 (i.e., Engel expansion).

* Corresponding author.

http://dx.doi.org/10.1016/j.jnt.2014.06.012
0022-314X/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jnt.2014.06.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
http://dx.doi.org/10.1016/j.jnt.2014.06.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2014.06.012&domain=pdf


T. Zhong, L. Tang / Journal of Number Theory 145 (2014) 388–401 389

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In 2003, F. Schweiger [3] introduced a class of continued fraction with parameters, 
called generalized continued fraction (GCFε), which is induced by the transformation 
Tε : (0, 1] → (0, 1]

Tε(x) := −1 + (k + 1)x
1 + ε(k) − kε(k)x for x ∈ B(k) :=

(
1/(k + 1), 1/k

]
. (1.1)

where the parameter ε : N → R satisfies

ε(k) + k + 1 > 0. (1.2)

Define the partial quotients k1, k2, · · · of GCFε expansion of x ∈ (0, 1] as

k1 = k1(x) :=
⌊

1
x

⌋
, and kn = kn(x) := k1

(
Tn−1
ε (x)

)
for n ≥ 2.

Then it follows from the algorithm (1.1) that [3]

x = An + BnT
n
ε (x)

Cn + DnTn
ε (x) for all n ≥ 1,

where the numbers An, Bn, Cn, Dn are given by the following recursive relations:
(
C0 D0
A0 B0

)
=

(
1 0
0 1

)
,

(
Cn Dn

An Bn

)
=

(
Cn−1 Dn−1
An−1 Bn−1

)(
kn + 1 knε(kn)

1 1 + ε(kn)

)
, n ≥ 1. (1.3)

From the condition shared by the parameter ε(k) (1.2), it is clear that

kn+1(x) ≥ kn(x) for all n ≥ 1, (1.4)

i.e. the partial quotients sequence of x is non-decreasing.
F. Schweiger [3] studied the arithmetic and ergodic properties of this new continued 

fraction expansion and found surprisingly that different choice of the parameter function 
ε leads to different stochastic properties of the partial quotients. For the growth rate 
of the partial quotients, T. Zhong [6] showed that when −1 < ε(k) ≤ 1, for almost all 
x ∈ (0, 1],
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