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Zhao established a curious congruence, i.e., for any prime 
p ≥ 3,

∑
i+j+k=p
i,j,k>0

1
ijk

≡ −2Bp−3 (mod p).

In this note we prove that for any prime p ≥ 3 and positive 
integer r,

∑
i+j+k=pr

i,j,k∈Pp

1
ijk

≡ −2pr−1Bp−3
(
mod pr

)
,

where Pn denotes the set of positive integers which are prime 
to n.
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1. Introduction

Jianqiang Zhao [8] first found a curious congruence

∑
i+j+k=p
i,j,k>0

1
ijk

≡ −2Bp−3 (mod p), (1.1)

where p ≥ 3 is a prime, and Bn is the n-th Bernoulli number.
Chungang Ji [3] gave a simple proof for this congruence and later Xia Zhou and 

Tianxin Cai [9] gave a generalized form of (1.1)

∑
l1+l2+···+ln=p,
l1,l2,···,ln>0

1
l1l2 · · · ln

≡
{−(n− 1)!Bp−n (mod p) if 2 � n,

− n
2(n+1)n!Bp−n−1p (mod p2) if 2|n

where p ≥ 5 is a prime and n ≤ p − 2 is a positive integer.
Meanwhile, Binzhou Xia and Tianxin Cai [7] generalized (1.1) to

∑
i+j+k=p
i,j,k>0

1
ijk

≡ 12Bp−3

p− 3 − 3B2p−4

p− 2
(
mod p2),

where p > 5 is a prime.
In this paper, we obtain the following theorems.

Theorem 1. Let p ≥ 3 be a prime and r a positive integer, then

∑
i+j+k=pr

i,j,k∈Pp

1
ijk

≡ −2pr−1Bp−3
(
mod pr

)
,

where Pn denotes the set of positive integers which are prime to n.

In particular, if r = 1, Theorem 1 becomes (1.1).

Theorem 2. Let n be a positive integer and p ≥ 3 a prime, if pr|n, r ≥ 1 is an integer, 
then

∑
i+j+k=n
i,j,k∈Pp

1
ijk

≡ −2n
p
Bp−3

(
mod pr

)
.

In particular, if n = pr, Theorem 2 becomes Theorem 1.
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