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In this paper we investigate the density properties of the set of 
values of a linear map at integer points on a quadratic surface. 
In particular we show that this set is dense in the range of 
the linear map subject to certain algebraic conditions on the 
linear map and the quadratic form that defines the surface. 
The proof uses Ratner’s theorem on orbit closures of unipotent 
subgroups acting on homogeneous spaces.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

We are motivated by the following general problem.

Problem 1.1. If X is some rational surface in Rd and P : X → Rs is a polynomial map, 
then what can one say about the distribution of the set {P (x) : x ∈ X ∩ Zd} in Rs?

One expects to be able to answer Problem 1.1 by showing that the set {P (x) : x ∈
X ∩ Zd} is dense in Rs under certain dimension and rationality conditions imposed 
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on P . In full generality Problem 1.1 is unapproachable via available techniques and what 
is known is limited to special cases. For instance, when X = Rd Problem 1.1 has been 
considered for P a linear or quadratic map, or combinations of both. The case when P
is linear is classical, and is treated by Theorem 1 on page 64 of [2]. When P is quadratic, 
Problem 1.1 is known as the Oppenheim conjecture, density was first established by 
the work of G. Margulis in [10] and subsequently refined by S.G. Dani and G. Margulis 
in [4]. Moreover, in this situation qualitative results have also been established; initially 
by S.G. Dani and G. Margulis in [6] and later by A. Eskin, S. Mozes and G. Margulis 
in [7]. For P , a pair, consisting of a quadratic and linear form, Problem 1.1 has been 
considered by A. Gorodnik in [8]. The case when P consists of a system of many linear 
forms and a quadratic form has been considered by S.G. Dani in [3]. A. Gorodnik also 
considered the case when P consists of a system of quadratic forms in [9]. To the authors 
knowledge the case when X �= Rd has not been considered. The main result of this paper 
deals with a case of Problem 1.1 when X is a quadratic surface and is stated below. Recall 
that any quadratic form Q on Rd can be uniquely associated with a symmetric matrix 
in Matd(R). We will write rank(Q) to mean the rank of the symmetric matrix associated 
to Q.

Theorem 1.2. Suppose Q is a quadratic form on Rd such that Q is non-degenerate, 
indefinite with rational coefficients. For a ∈ Q define Xa

R = {x ∈ Rd : Q(x) = a} and 
Xa

Z = Xa
R ∩ Zd, suppose that |Xa

Z | = ∞. Let M = (L1, . . . , Ls) : Rd → Rs be a linear 
map such that:

1. The following inequalities hold, d > 2s and rank(Q|ker(M)) > 2.
2. The quadratic form Q|ker(M) is indefinite.
3. For all α ∈ Rs \ {0}, α1L1 + · · · + αsLs is non rational.

Then M(Xa
Z) = Rs.

For instance let α be irrational and consider

L(x1, x2, x3, x4) = x1 + αx2 and Q(x1, x2, x3, x4) = x2
1 + x2

2 − x2
3 − x2

4

linear and quadratic forms respectively on R4. For a = 0, we have |Xa
Z | = ∞. Moreover

Q|ker(L)(x1, x2, x3, x4) =
(
1 + α2)x2

2 − x2
3 − x2

4

and therefore rank(Q|ker(L)) = 3 > 2 and Q|ker(L) is indefinite. It is then clear that the 
remaining conditions of Theorem 1.2 are satisfied for this pair, so we can conclude that 
the set L(Xa

Z) is dense in R.
The key feature of Theorem 1.2, that is exploited in its proof, is that Xa

R has a large 
group of symmetries. Moreover, there is a large subgroup, H, of this group that stabilises 
M and is generated by one parameter unipotent subgroups. This means that the problem 
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