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1. Introduction

Let g be a prime power and Fy the finite field with q elements. A polynomial f € [Fy[x] is called
a permutation polynomial (PP) of Fy if the mapping x — f(x) is a permutation of F,. Nontrivial PPs
in simple algebraic forms are rare. Such PPs are sometimes the result of the mysterious interplay
between the algebraic and combinatorial structures of the finite field. Permutation binomials over
finite fields are particularly interesting for this reason, and they have attracted the attention of many
researchers over decades; see [1,3,10-12,15-19]. In these references, the reader will find not only
many interesting results on permutation binomials but also plenty challenges that remain.

The main result of the present paper is the following theorem:

Theorem 1.1. Let f =tx+x%1"1 ¢ Fq[x], wheret € . Then f is a PP of F > if and only if one of the following
occurs:
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(i) t=1,q=1(mod 4);
(ii) t=-3,q==+1 (mod 12);
(iii) t =3, g = —1 (mod 6).

In fact, an equivalent form of Theorem 1.1 was conjectured in [4], where the polynomial is x9~2 +
tx°=4=1, which is f(x? ~9~1) modulo x%° — x for q > 2. (Note that x¥ 91 is a PP of Fy2.) The
conjecture originated from a recent study of certain permutation polynomials over finite fields defined
by a functional equation. We will briefly describe this connection in Section 4.

The attempt to prove Theorem 1.1 has led to the discovery of a curious hypergeometric identity
stated in Theorem 1.2. In return, Theorem 1.2 clears the last hurdle in the proof of Theorem 1.1.

Theorem 1.2. Let n > 0 be an integer. Then we have

2n+1
> (2": 1) ( []®n—2k+4- 2j)> (—1)k3g2k+1

k<2n+1 j=1

2n+1
> (Z”Ijl)< ]_[(6n—2k+5—2j)>(—1)’<32":0. (11)

k<2n+1 j=1
The proofs of Theorems 1.2 and 1.1 are given in Sections 2 and 3, respectively.

Remarks.

(i) There are criteria for a polynomial of the form xrh(x%) to be a PP of Fg, where d,r > 0,d |q—1,
and h e Fy[x]; see [1,2,18-20]. We can write the polynomial f in Theorem 1.1 as f = xh(x9~1),
where h(x) = x* +t. According to [20, Lemma 2.1], f is a PP of Fy. if and only if x(x* + £)7~"
permutes the (g — 1)st powers in IF;Z. This observation, though interesting in its own right, does

not seem to be useful in our approach.
(ii) The following related result is a special case of [20, Theorem 1.1]: Assume that q is odd and

a e Fy, such that (—% #1 and (g + @D =1 for every n € F, with 791 = 1. Then
ax +x2~1 is a PP of Fpa.

(iii) In [19], necessary and sufficient conditions are given for the polynomial x"(x* + 1) to be a PP
of Fy, where q is odd, s|q—1, and gcd(2e, %) = 1. However, the conditions there are not
explicit enough for one to derive Theorem 1.1 with t =1, or equivalently, t = a*@=1 for some
ae IF‘;‘Z.

2. Proof of Theorem 1.2

Let

2n+1
Fi(n,k) = <2n - 1) ( l_[ (6n—2k+4— 2]')) (—1)k32k+1,

k )
=1

2n+1

2n+1

Fz(n,k)=< ”: )( I1 (6n—2k+5—2j)>(—1)’<32’<,
=1

S1(m) =Y _Fi(n,k),
k

So(n) = Z Fo(n, k).
k
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