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Some polynomials P with rational coefficients give rise to well
defined maps between cyclic groups, Zq −→ Zr, x + qZ �−→
P (x) + rZ. More generally, there are polynomials in several
variables with tuples of rational numbers as coefficients that
induce maps between commutative groups. We characterize
the polynomials with this property, and classify all maps be-
tween two given finite commutative groups that arise in this
way. We also provide interpolation formulas and a Taylor-type
theorem for the calculation of polynomials that describe given
maps.
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1. Introduction

The polynomial

P := −1
8X

4 + 3
4X

3 − 7
8X

2 − 3
4X + 1 (1)
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induces a map Z3 −→ Z9 in a canonical way. At first, it gives rise to a map Z −→ Q

which actually is integer valued, as one can show. Second, this map Z −→ Z induces
the map Z −→ Z9, x �−→ P (x) + 9Z. Finally, it turns out that our new map is even
3-periodic,

P (x + 3) ≡ P (x) (mod 9). (2)

So, we obtain a well defined map

P : Z3 −→ Z9, x = x̂ + 3Z �−→ P (x) := P (x̂) + 9Z. (3)

Moreover, the map P is a kind of Lagrange Polynomial. For x ∈ Z3 := Z/3Z,

P (x) =
(

0
x

)
3,9

:=
{

1 + 9Z if x = 0,
0 + 9Z if x �= 0. (4)

As any function is a linear combination of Lagrange Functions, we see that any map
Z3 −→ Z9 can be represented by a polynomial in Q[X] of degree at most 4. Of course,
not every polynomial over Q gives rise to a well defined map Z3 −→ Z9, but we have
enough polynomials to obtain all maps. This is not true for maps Zq −→ Zr in general:
it holds only if q and r are powers of a common prime p. In contrast, if q is coprime
to r then only constant maps can be described by a rational polynomial. These two
extremal results are the antagonistic forces that determine the general case. To reduce
the question of representability of maps between Zq and Zr, with general q and r, to
these two cases, we split the domain Zq and the codomain Zr into cyclic p-groups, and
decompose polynomial maps Zq −→ Zr into maps between the cyclic p-factors. More
precisely, we write the domain Zq as direct product of n cyclic p-groups, and introduce
one variable Xj for each of them. Similarly, the codomain Zr is split into t cyclic p-groups,
and the coefficients of our polynomials are split into rational t-tuples accordingly. These
decompositions can be done without changing the property of polynomial representability
(Theorem 3.16), but they bring us closer to our two extremal cases. Decompositions also
allow the treatment of maps between arbitrary finite commutative groups A and B.
Our main result, Theorem 3.15, says that, if A1, A2, . . . , At and B1, B2, . . . , Bt are the
(possibly trivial or noncyclic) primary components of A and B (corresponding to the
different prime divisors p1, p2, . . . , pt of |A||B|), then the polynomial representable maps
in BA are exactly the maps

(f1, . . . , ft) ∈ BA1
1 × · · · ×BAt

t , (a1, . . . , at) �→
(
f1(a1), . . . , ft(at)

)
. (5)

Partial results in this direction, but sometimes over more general rings and sometimes
in the language of iterated differences, were obtained in several other papers, e.g. in [2–5,
7–14,17], and in the books [1,15]. Our paper differs from most of these investigations in
that we do not restrict ourselves to the case where domain and codomain coincide. We
also do not just count or determine the isomorphy type of modules of certain maps.
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