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The Rogers–Ramanujan continued fraction has a representa-
tion as an infinite product given by
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where |q| < 1 and ( j
p
) is the Legendre symbol. In his letters

to Hardy and in his notebooks, Ramanujan recorded some
exact numerical values of the Rogers–Ramanujan continued
fraction for specific values of q. In this work, we give explicit
evaluations of the level 13 analogue defined by
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1. Introduction

Throughout this paper, it is assumed that Im(τ) > 0 and q = e2πiτ . Let

R(q) = q1/5

1 + q
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1 + · · ·

(1.1)

denote the Rogers–Ramanujan continued fraction. In 1913, Ramanujan asserted in his
first letter to Hardy [11, p. 29] that
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and R(e−π
√
n) can be found exactly if n is a positive rational number. These results

particularly impressed and intrigued Hardy who responded by writing to Ramanujan
[11, p. 77]:

“What I should like above all is a definite proof of some of your results concerning
continued fractions of the type (1.1); and I am quite sure that the wisest thing you can
do, in your own interests, is to let me have one as soon as possible.”

A few months later Hardy reiterated the request for a proof [11, p. 87]:

“If you will send me your proof written out carefully (so that it is easy to follow),
I will (assuming that I agree with it—of which I have very little doubt) try to get it
published for you in England. Write it in the form of a paper . . . giving a full proof of
the principal and most remarkable theorem, viz., that the fraction can be expressed in
finite terms when q = e−π

√
n, where n is rational.”

More than 25 years later Hardy recalled the profound impact that Ramanujan’s eval-
uations of R(q) had had on him [17, p. 9]:

“(They) defeated me completely; I had never seen anything in the least like them
before. A single look at them is enough to show that they could only be written down
by a mathematician of the highest class. They must be true because, if they were not
true, no one would have had the imagination to invent them.”
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