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for all positive integer ¢, if and only if GCD(ma1,...,ms) = 1.
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1. Mean divisibility

A sequence (a,) (n =1,2,...) of non-zero integers is divisible if n | m implies ay, | ap,.
It is strongly divisible if GCD(an,am) = |accp(n,m)l- Such divisibility attracts number
theorists for a long time and a lot of papers dealt with properties of such sequences

E-mail address: akiyama@math.tsukuba.ac.jp.
L The author is supported by the Japanese Society for the Promotion of Science (JSPS), Grant in aid
24540012.

0022-314X/$ — see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jnt.2013.10.005


http://dx.doi.org/10.1016/j.jnt.2013.10.005
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:akiyama@math.tsukuba.ac.jp
http://dx.doi.org/10.1016/j.jnt.2013.10.005

S. Akiyama / Journal of Number Theory 136 (2014) 438459 439

[17,16,4,3,9,1,11]. Primitive divisors of elliptic divisibility sequences and sequences arose
in arithmetic dynamics are recently studied in detail [6,12,19]. In this paper, we introduce
a weaker terminology which seems not studied before. We say that (a,) is almost mean
k-divisible, if there is a positive integer C' = C (k) such that ([T%_, axn)/([T'; an) € ot/
for any positive integer ¢. In particular, (a,) is mean divisible if [,_, an | [Ti—; @rn for
any positive integer k and t. Clearly if (a,,) is divisible, then it is mean divisible. By
definition, if a sequence is almost mean k-divisible for all k with the constant C(k) = 1,
then it is mean divisible. We are interested in giving non-trivial examples of (almost)
mean divisible sequences. In fact, we show that sequences defined by multinomial coeffi-

cients give such examples. Let mq, ..., ms be positive integers. A multinomial sequence
is defined by

o - (m1+ma+---+me)n\ _ ((m1+ma+---+mg)n)!
"\ man,man,...,men ) (man)(man)!. .. (men)!

Theorem 1. If GCD(my,ma,...,ms) = 1, then the multinomial sequence is almost mean
k-divisible for all k.

The proof relies on an interesting integral inequality (Lemma 3) and its approximation
by Riemann sums. Here are some illustrations:

Corollary 2.

T (i) 2 n=t (3
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for any positive integer t.

Readers will see that Figs. 1, 2 and 3 in Section 6 essentially tell why these are
true. The constant C'(k) is computed by an algorithm based on the proof of Theorem 1.
However it is not so easy to identify the set of t’s at which the denominator actually
appears. For the first example, there are infinitely many ¢ with denominator 11, but the
denominator 5 in the second example appears only when ¢t = 2. See Section 6 for details.
We can also show

Theorem 3. If GCD(my,ma,...,ms) > 1, then the multinomial sequence is not almost
mean k-divisible for all k.

Thus for a given k, a multinomial sequence is almost mean k-divisible if and only if
GCD(my, ma,...,ms) = 1 holds. For e.g.,
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