
Journal of Number Theory 133 (2013) 2699–2705

Contents lists available at SciVerse ScienceDirect

Journal of Number Theory

www.elsevier.com/locate/jnt

Asymptotic expansions related to Glaisher–Kinkelin constant
based on the Bell polynomials

Chao-Ping Chen ∗, Long Lin

School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo City 454003, Henan Province, People’s Republic of China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 7 October 2012
Accepted 2 February 2013
Available online 9 April 2013
Communicated by David Goss

MSC:
11Y60
40A05

Keywords:
Asymptotic formula
Glaisher–Kinkelin constant
Bernoulli numbers
Bell polynomials
Partition function

By using the Bell polynomials, we present a class of asymptotic
expansions related to Glaisher–Kinkelin constant.

© 2013 Elsevier Inc. All rights reserved.

Throughout the present investigation, N denotes the set of all positive integers, N0 := N∪ {0}.
The Glaisher–Kinkelin constant A = 1.28242712 . . . is defined by

lim
n→∞n−n2/2−n/2−1/12en2/4

n∏
k=1

kk = A (1)

(see [8,9,14]), as well as
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lim
n→∞

G(n + 1)

nn2/2−1/12(2π)n/2e−3n2/4
= e1/12

A
, (2)

where G(n) is the Barnes G-function [1].
The Glaisher–Kinkelin constant A has closed-form representations

A = e
1

12 −ζ ′(−1)

= (2π)1/12[eγπ2/6−ζ ′(2)
]1/(2π2)

(see [4, p. 129, Eq. (3.22)]), where ζ ′(z) is the derivative of the Riemann zeta function ζ(z) (see [5]).
The Glaisher–Kinkelin constant A appears in a number of sums and integrals, especially those

involving gamma functions and zeta functions. Finch introduced this constant A in a section of his
book [7, pp. 135–138].

Define the sequence (An)n∈N by

An := n−n2/2−n/2−1/12en2/4
n∏

k=1

kk. (3)

Very recently, Chen [3, Theorem 1] established the asymptotic expansion of the sequence (ln An)n∈N:

ln An =
n∑

k=1

k ln k −
(

n2

2
+ n

2
+ 1

12

)
lnn + n2

4

∼ ln A −
∞∑

k=1

B2k+2

2k(2k + 1)(2k + 2)

1

n2k
, (4)

where Bk (k ∈ N0) are the n-th Bernoulli numbers defined by the following generating function (see,
for example, [12, Section 1.6] and [13, Section 1.7]):

z

ez − 1
=

∞∑
k=0

Bk
zk

k!
(|z| < 2π

)
. (5)

The asymptotic representation (4) can be rewritten as

1122 · · ·nn ∼ A · n
n2
2 + n

2 + 1
12 e− n2

4 exp

( ∞∑
j=1

a j

n j

)
, (6)

where

a j = − B j+2

j( j + 1)( j + 2)
( j ∈N). (7)

Namely,

1122 · · ·nn ∼ A · n
n2
2 + n

2 + 1
12 e− n2

4 exp

(
1

720n2
− 1

5040n4
+ 1

10 080n6

− 1

9504n8
+ 691

3 603 600n10
− 1

1872n12
+ · · ·

)
. (8)
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