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In this paper, we consider congruences between the Ikeda–
Miyawaki lift and other Siegel modular forms, relating these
congruences to critical values of L-functions by using Ikeda’s
conjecture on periods. We also give general formulas for
critical values of triple L-functions and prove results, both
in theory and in examples, on the relation between such
congruences and critical values.
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1. Introduction

Congruences between modular forms are important in the arithmetic theory of mod-
ular forms. In particular, congruences between lifts and non-lifts sometimes produce
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nontrivial elements of the Bloch–Kato Selmer group (cf. [Br,BDS,DIK]). In [Kat5], the
second-named author considered the congruence between the Duke–Imamoḡlu–Ikeda lift
I2n(h) of a Hecke eigenform h of half-integral weight and non-Duke–Imamoḡlu–Ikeda
lifts, and proved that a prime ideal dividing a certain L-value of f gives such a con-
gruence, where f is the primitive form of integral weight corresponding to h under the
Shimura correspondence. This result is based on the relation between the periods of
I2n(h) and h proved by the second-named author and Kawamura [KK], which forms
a part of the relations conjectured by Ikeda [Ik2]. A similar result concerning congru-
ences between Yoshida lifts and non-Yoshida lifts was proved by Böcherer, Dummigan,
and Schulze-Pillot [BDS]; this proof is also based on period relations, this time for the
Yoshida lift. In general, the algebraic part of critical values of the standard L-function
sometimes gives congruence primes between Siegel modular forms, see [Kat3]. In view
of the above results, we can expect that if there is a formula to describe the period of a
lift F from some form G by that of G, then the critical values of some L-function of G
are related to congruences between the lift F and non-lifts.

In this article, we consider congruences between Ikeda–Miyawaki lifts and other Siegel
modular Hecke eigenforms. Let k and n be positive integers such that k + n+ 1 is even.
For a Hecke eigenform h of weight k + 1/2 for Γ0(4) and a primitive form g of weight
k + n + 1 for SL2(Z), let Fh,g be the cusp form of weight k + n + 1 for Sp2n+1(Z)
constructed by Ikeda [Ik2]. For the precise definition of Fh,g see Section 3. This type
of lift was conjectured by Miyawaki [Miy] in the case n = 1, therefore we call Fh,g

the Ikeda–Miyawaki lift of h and g. We also denote by f the primitive form of weight
2k for SL2(Z) corresponding to h under the Shimura correspondence. Then, roughly
speaking, our conjecture can be stated as follows (more precisely, see Conjecture B and
Problem B′):

Let P be a “big prime ideal” in the composite Q(f)Q(g) of the Hecke fields of f and g.
Then P divides the algebraic part Lalg(2k+2n, f⊗g⊗g) of the triple product L-function
at 2k+2n if and only if there exists a congruence modulo P between Fh,g and a cuspidal
Hecke eigenform G of the same weight, where G is a non-Ikeda–Miyawaki lift.

This type of conjecture has already been proposed in the case of the Saito–Kurokawa
lift and the Duke–Imamoḡlu–Ikeda lift (cf. [Kat2]). Our conjecture is based on the con-
jecture concerning the period of the Ikeda–Miyawaki lift proposed by Ikeda [Ik2] (cf.
Conjecture A, Theorem 3.1 and its corollary). We note that Bergström, Faber, and
van der Geer [BFG] have proposed a conjecture on the congruence of (not necessarily
scalar valued) modular forms of degree three from a different point of view. We dis-
cuss the relation between their conjecture and ours in Section 3. Since certain types of
triple L-functions appear in the description of the congruence primes, we give a concrete
general formula for the special values of any triple L-function in the balanced case, and
execute this calculation to give values in several cases, including the cases which appear
as examples in the conjecture of [BFG]. Finally we construct examples of non-Ikeda–
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