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Abstract

We show that the number generated by the g-ary integer part of an entire function of logarithmic order,
where the function is evaluated over the natural numbers and the primes, respectively, is normal in base g.
This is an extension of related results for polynomials over the real numbers established by Nakai and
Shiokawa.
© 2007 Elsevier Inc. All rights reserved.

1. Introduction

Let g > 2 be a fixed integer and € = 0.aja3 .. . be the g-ary expansion of a real number 6 with
0<60<1.Wewrited;...d€{0,1,...,q — 1}} for a block of [ digits in the g-ary expansion.
By N(0;d, ...d;; N) we denote the number of occurrences of the block dj ...d; in the first N
digits of the g-ary expansion of 6. We call 6 normal to the base q if for every fixed [ > 1

1 1
RN@©) =Rn,1(0) = sup | =N (0;di...d; N) — — | =o(l)
di..dj| N q
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as N — oo, where the supremum is taken over all blocks dy...d; € {0, 1,...,q9 — 1}1.

We want to look at numbers whose digits are generated by the integer part of entire functions.
Let f be any function and [ f (n)], denote the base g expansion of the integer part of f(n), then
define

0y =0,(f)=0.[fD] [f@] [ O] [Fr @] [r&],[r®],
73 =1(N=0[f @], [F®][f®][r D], [ran],[rad],.... (1.1

where the sequences of the arguments run through the positive integers and the primes, respec-
tively.

In this paper we consider the construction of normal numbers in base g as concatenation of
g-ary integer parts of certain functions. The first result on that topic was achieved by Champer-
nowne [2], who was able to show that

0.1234567891011121314151617181920...

is normal in base 10. This construction can be easily generalised to any integer base g. Copeland
and Erdos [4] were able to show that

0.2357111317192329313741434753596167...

is normal in base 10. These examples correspond to the choice f(x) = x in (1.1). Davenport and
Erdos [5] considered the case where f (x) is a polynomial whose valuesatx =1, 2, ... are always
integers and showed that in this case the numbers 6, (f) and 7, (f) are normal. For f(x) a poly-
nomial with rational coefficients Schiffer [10] was able to show that Ry (6,(f)) = O(1/log N).
Nakai and Shiokawa [8] extended his results and showed that Ry (z,(f)) = O(1/log N). In the
case of real coefficients Nakai and Shiokawa [7] proved the same estimate for Ry (6, (f)). In this
paper we want to discuss the case where f(x) is a transcendental entire function (i.e., an entire
function that is not a polynomial) of small logarithmic order. Recall that we say an increasing
function S(r) has logarithmic order A if

log S
limsup 285" _ 5 (1.2)
r—oo loglogr

We define the maximum modulus of an entire function f to be
M(r, f) := max| f(x)|. (1.3)
IxI<r

If f is an entire function and log M (r, f) has logarithmic order X, then we call f an entire
function of logarithmic order A.
To achieve our results we combine the following ingredients:

e The first part of the proofs concerns the estimation for the number of solutions of the equation
f(x) =a where a € C (cf. [3], [11, Section 8.21]) for entire functions of zero order.

e Following the methods of Nakai and Shiokawa [7,8] we reformulate the problem in an esti-
mation of exponential sums.
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