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Abstract

We characterize decomposition over C of polynomials fn(a’B)(x) defined by the generalized Dickson-
type recursive relation (n > 1)
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where B,a € Q or R. As a direct application of the uniform decomposition result, we fully settle the
finiteness problem for the Diophantine equation
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This extends and completes work of Dujella/Tichy and Dujella/Gusi¢ concerning Dickson polynomials
of the second kind. The method of the proof involves a new sufficient criterion for indecomposability of
polynomials with fixed degree of the right component.
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1. Introduction
1.1. Indecomposability and Diophantine equations

In what follows, by a (binary) decomposition of f € C[x] we mean a representation f =rogq
with some non-constant polynomials r, g € C[x], where the operation is the usual functional
composition. The theory of polynomial decompositions has a long history and dates back to
the work of J.F. Ritt [20,21]. If degr, degq > 1, then the decomposition is called a non-trivial
decomposition. We call r the left and g the right component of the decomposition. It is clear, that
(C[x], o) forms a non-commutative monoid, where the units are exactly the polynomials over C
of degree 1. Two decompositions f =r| o g = rp o g» are said to be equivalent if there is a unit
« such that r» = rj ok and g» =k ~! 0 g1. A polynomial f is called decomposable over C if it
has at least one non-trivial decomposition, and indecomposable (or prime) otherwise. It is well
known that indecomposability over Q or R implies indecomposability over C (see [23, p. 14]).

Indecomposability results are closely related to finiteness statements for Diophantine equa-
tions of the form

Jx) =g )

with f, g € Q[x] in unknowns (x, y) € Q2. In 2000, Bilu and Tichy [3] succeeded in fully joining
polynomial decomposition theory with the classical finiteness theorem of Siegel [24] on finite-
ness of integral points of curves of genus > 0.

Theorem 1 (Bilu/Tichy [3]). Let f(x), g(x) € Q[x] be non-constant polynomials. Then the fol-
lowing two assertions are equivalent:

(a) The equation (1) has infinitely many rational solutions with a bounded denominator.
(b) We have

f=¢ofioky and g=¢ogioks,

where k1, ky € Q[x] are linear, p(x) € Q[x], and (§1, g1) is a standard pair over Q such
that the equation f1(x) = g1(y) has infinitely many rational solutions (x, y) with a bounded
denominator.

We say that the equation f(x) = g(y) has infinitely many rational solutions with a bounded
denominator, if there is v € ZT such that f(x) = g(y) has infinitely many rational solutions
(x, y) with vx, vy € Z. The list of standard pairs, which is referred to in Theorem 1, includes
five different pairs of polynomials (f1, g1) which are defined in the sequel.

Let y,$ denote some non-zero rational numbers, r, g, s and ¢ some non-negative integers
and v(x) € Q[x] a non-zero polynomial (which may also be constant). Furthermore, denote by
Dy (x,y) the Dickson polynomial of the first kind (for short: Dickson polynomial) of degree s
defined by

Ls/2] s s—1i . .
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