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We work with rational rank 1 valuations centered in regular local rings of dimen-
sion 3. Given a regular local ring R that has an algebraically closed coefficient 
field k and a zero-dimensional valuation ν, we provide an algorithm for constructing 
generating sequences for ν in R. We then develop a method for determining 
a valuation on k(x, y, z) through the sequence of defining values. Using the 
above results we construct examples of valuations centered in k[x, y, z](x,y,z) and 
investigate their semigroups of values.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

This paper is inspired by the following question: given a regular local noetherian domain R and a valuation 
ν of the quotient field of R dominating R, what semigroups can appear as a value semigroup ν(R). The 
answer is available when R is of dimension 1 or 2, but little is known for higher dimensional regular local 
rings.

The only semigroups which are realized by a valuation on a one dimensional regular local ring are isomor-
phic to the semigroup of natural numbers. The semigroups which are realized by a valuation on a regular 
local ring of dimension 2 with algebraically closed residue field are completely classified by Spivakovsky 
in [15]. A different proof for power series ring in two variables over C is given by Favre and Jonsson in [8]. 
In [6], Cutkosky and Vinh give a necessary and sufficient condition for a semigroup S to be the semigroup 
of a valuation dominating a regular local ring R of dimension 2 with a prescribed residue field extension. In 
the context of semigroups under the assumption that the rational rank of ν is 1 the criterion is as follows, 
see [4,2], Corollary 3.3, and [6].

Let S be a well ordered subsemigroup of Q≥0 with at most countable system of generators {βi}i≥0 such 
that β0 < β1 < · · · < βn < . . .. For all i ≥ 0 let Gi =

∑i
j=0 βjZ and qi+1 = [Gi+1 : Gi] = min{q ∈

Z>0|qβi+1 ∈ Gi}. Then S is the semigroup of a valuation ν dominating a regular local ring R of dimension 
2 if and only if βi+1 > qiβi for all i ≥ 1.
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In particular, it follows that an ordered minimal set of generators {βi}i≥0 of the value semigroup of a 
valuation dominating a regular local ring of dimension 2 is sparse as βi+1 > 2βi for all i ≥ 1. This property 
does not stand true for higher dimensional regular local rings as shown by example in [2].

When dimension of R is n the classical results, see [19], state that the value semigroup ν(R) is isomorphic 
to a well ordered set contained in the nonnegative part of (Rh, <lex) and having an ordinal type of at most 
ωh. Here, ω is the first infinite ordinal and h is the rank of ν; h is less than or equal to the rational rank of ν, 
which is less than or equal to n. Additional bound on the growth of rank 1 valuation semigroups is found by 
Cutkosky in [1]. It leads to a construction of a well ordered subsemigroup of Q>0 of ordinal type ω, which is 
not a value semigroup of a noetherian local domain. In [5], Cutkosky and Teissier formulate bounds on the 
growth of the number of distinct valuation ideals of R corresponding to values lying in certain parts of the 
value group of ν, thus extending to all ranks the bound given for rank 1 valuations in [1]. They also provide 
some surprising examples of semigroups of rank greater than 1 that occur as semigroups of valuations on 
noetherian domains, see [5] and [4]. In [14], Moghaddam constructs a certain class of value semigroups with 
large rational rank.

Generating sequences of valuations proved to be a very useful tool in understanding valuations centered in 
two dimensional rings, see [15,3,9,2] and [7] for applications. In this paper we use the approach of generating 
sequences of valuations to investigate value semigroups of valuations centered in 3-dimensional regular local 
rings. Let (R, mR) be a local ring and ν be a valuation of the quotient field of R that dominates R: if 
(V, mV ) denotes the valuation ring of ν then R ⊂ V and mR = mV ∩ R. Let ΦR = ν(R\{0}) be the 
semigroup consisting of the values of nonzero elements of R. For γ ∈ ΦR, let Iγ = {f ∈ R | ν(f) ≥ γ} and 
I+
γ = {f ∈ R | ν(f) > γ}. A (possibly infinite) sequence {Qi} of elements of R is a generating sequence of 
ν if for every γ ∈ ΦR the ideal Iγ is generated by the set

{
∏
i

Qi
bi | bi ∈ Z≥0,

∑
i

biν(Qi) ≥ γ}.

Notice that the set of values {ν(Qi)} generates ΦR as a semigroup. Moreover, the set of images of Qi in 
the associated graded ring of valuation grνR =

⊕
γ∈Φ Iγ/I

+
γ generate grνR as R/mR-algebra. The graded 

ring grνR is of particular interest as it is a key tool used by Teissier in [16] and [17] to solve the local 
uniformization problem. When the valuation is rational, that is V/mV = R/mR, the graded ring grνR
is isomorphic to the semigroup algebra over R/mR of the value semigroup ΦR, it can be represented as 
quotient of a polynomial algebra by a prime binomial ideal, (see [17] ).

In section 2 we provide an algorithm for constructing generating sequences of zero-dimensional rational 
rank 1 valuations when R is a 3-dimensional regular local ring that has an algebraically closed coefficient 
field k. In the construction we denote the sequence {Pi}i≥0 ∪ {Ti}i>0 and call it the sequence of jumping 
polynomials. We then show that {Pi}i≥0∪{Ti}i>0 is a generating sequence of valuation in section 4. This con-
struction extends the construction of generating sequences in two dimensional regular local rings used in [9].

The algorithm is recursive and explicit equations for Pi+1 in terms of {Pj}0≤j≤i and for Td̄(i) in terms of 
{Pj}0≤j≤mi

∪ {Tj}0<j≤i are provided. These equations are binomial in nature with the value of the term 
on the left strictly greater than the value of each term on the right

Pi+1 = P qi
i − λi

i−1∏
j=0

P
ni,j

j

Td̄ = T cisi
i

mi∏
j=0

P
aj

j

i−1∏
j=0

T
cj
j − μd̄

mi∏
j=0

P
nd̄,j

j

i−1∏
j=0

T
ld̄,j
j

Here, d̄ is an integer greater than or equal to i + 1, λi, μd̄ ∈ k \ {0}, ni,j , mi, aj , cj , nd̄,j , ld̄,j are 
nonnegative integers and qi, ci, si are positive integers determined by the algorithm. In the given set 
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