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This is a paper in a series systematically to study toroidal vertex algebras and their
(twisted) modules. Previously, a theory of toroidal vertex algebras and modules
was developed and toroidal vertex algebras were explicitly associated to toroidal
Lie algebras. In this paper, we study twisted modules for toroidal vertex algebras.
More specifically, we introduce a notion of twisted module for a general toroidal
vertex algebra with a finite order automorphism and we give a general construction
of toroidal vertex algebras and twisted modules. We then use this construction to
establish a natural association of toroidal vertex algebras and twisted modules to
twisted toroidal Lie algebras. This together with some other known results implies
that most of the extended affine Lie algebras can be associated to toroidal vertex
algebras.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Extended affine Lie algebras are natural generalizations of affine Kac-Moody Lie algebras (see [1]),

where an important family of extended affine Lie algebras consists of toroidal Lie algebras which are central

extensions of multi-loop algebras of finite dimensional simple Lie algebras. It is known that (untwisted)

affine Lie algebras can be canonically associated with vertex algebras and modules (cf. [8,6,12,14]), while
twisted affine Lie algebras can be associated with vertex algebras in terms of twisted modules (see [7,13]).
In [3], a natural connection of certain toroidal Lie algebras with vertex algebras was established. On the
other hand, it is natural to study suitable toroidal analogues of vertex algebras and their relations with

toroidal Lie algebras from a different perspective. This is also potentially important from the viewpoint of

conformal field theory in high dimensions in physics (cf. [9,10]). With this as the main driving force, a theory
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of toroidal vertex algebras and modules was developed and toroidal vertex algebras and their modules were
associated to toroidal Lie algebras in [16].

In the current paper, we continue to study twisted modules for toroidal vertex algebras, with a goal to
associate twisted modules for certain toroidal vertex algebras to modules for twisted toroidal Lie algebras.
To achieve this goal, we develop a theory of twisted modules for a toroidal vertex algebra with a finite order
automorphism and we establish a conceptual construction of toroidal vertex algebras and twisted modules.
By using this general result, we successfully associate twisted modules for certain toroidal vertex algebras
to twisted toroidal Lie algebras.

Note that affine Kac-Moody algebras were classified as untwisted affine Lie algebras and twisted affine
Lie algebras, where untwisted affine Lie algebras can be realized as the universal central extensions of loop
algebras of finite dimensional simple Lie algebras and twisted affine Lie algebras can be realized as fixed
points subalgebras of untwisted affine Lie algebras under Dynkin digram automorphisms (see [11]). For
extended affine Lie algebras, essentially this is also the case; it was proved (see [2,17,18,4,5,19]) that all
extended affine Lie algebras except those constructed from the centerless irrational Lie tori can be realized
as twisted toroidal Lie algebras. In view of this, almost all extended affine Lie algebras can be associated
to toroidal vertex algebras.

Now, we give a more detailed account of the contents of this paper. First, an (r + 1)-toroidal vertex
algebra (with 7 a positive integer) is defined (see [16]) to be a vector space V' equipped with a linear map

Y(;20,x): V= Hom(V, V[[zi!, ..., 2] ((x0)))

T

v = Y (v;20,x),
where x = (1, ...,2,), and equipped with a distinguished vector 1 of V', such that
Y (L;zo,x)v=v and Y (v;x0,x)1 € V[[zg,25",...,251] forveV,

and such that for u,v € V,

_ xXo — _ — T
2o (%)Y(u;xo,zy)if(v; Yo,y) — 25 0 (yOZO °>Y(v; Y0, Y)Y (u; 2o, 2y)

_ Ty — 2
=% 15 ( 0 O) Y(Y(U, 20, Z)U§y07}’)7
Yo
where

. _ —mp—1_—m_. —m
Y (’U,, Zo, Zy) - E Umg,mT Tz Yy '
(mo,m)EZXL"

Now, let V' be an (r + 1)-toroidal vertex algebra with a finite order automorphism o of period N. We
define a o-twisted V-module to be a vector space W equipped with a linear map

V(o) s Vo Hom(W, W [l o) (o)

v = Y (v; 20, X)
such that
YW (1;$07X) = 1Wa

and for u,v € V,
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