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We study silting mutations (Okuyama–Rickard complexes) for selfinjective algebras 
given by quivers with potential (QPs). We show that silting mutation is compatible 
with QP mutation. As an application, we get a family of derived equivalences of 
Jacobian algebras.
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1. Introduction

Derived categories are nowadays considered as an essential tool in the study of many areas of mathematics. 
In the representation theory of algebras, derived equivalences of algebras have been one of the central 
themes and extensively investigated. It is well-known that endomorphism algebras of tilting complexes 
are derived equivalent to the original algebra [25]. Therefore it is an important problem to give concrete 
methods to calculate endomorphism algebras of tilting complexes. In this paper, we focus on one of the 
fundamental tilting complexes over selfinjective algebras, known as Okuyama–Rickard complexes, which play 
an important role in the study of Broué’s abelian defect group conjecture. From a categorical viewpoint, 
they are nowadays interpreted as a special case of silting mutation [2]. We provide a method to determine 
the quivers with relations of the endomorphism algebras of Okuyama–Rickard complexes when selfinjective 
algebras are given by quivers with potential (QPs for short).

The notion of QPs was introduced by [11], which gives a better understanding of cluster algebras (we re-
fer to [18]). Recently it has been discovered that mutations of QPs (Definition 2.2) give rise to derived 
equivalences in several situations, for example [8,16,20,22–24,26]. In particular, the deep connection be-
tween mutations and derived equivalences is quite useful to study the derived equivalence classification of 
cluster-tilted algebras [5–7,10]. The aim of this paper is to give a similar (but different) type of derived 
equivalences by comparing QP mutation and silting mutation (Definition 2.4).

Our main result is the following (see Sections 2 and 3 for unexplained notions).
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Theorem 1.1 (Proposition 2.7, Theorem 3.1, Corollary 3.2 and Lemma 3.4). Let (Q, W ) be a selfinjective 
QP (Definition 2.1) and Λ := P(Q, W ). For a set of vertices I ⊂ Q0, we assume the following conditions.

• Any vertex in I is not contained in 2-cycles in Q.
• There are no arrows between vertices in I.

(a) We have an algebra isomorphism

EndKb(proj Λ)
(
μI(Λ)

) ∼= P
(
μI(Q,W )

)
,

where μI(Λ) is left (or right) silting mutation and μI(Q, W ) is a composition of QP mutation of the ver-
tices I.

(b) If σI = I for the Nakayama permutation σ of Λ, then μI(Λ) is a tilting complex. In particular, Λ and 
P(μI(Q, W )) are derived equivalent.

Since selfinjective algebras are closed under derived equivalence, we conclude that from (b) above the 
new QP is also a selfinjective QP, which is a result given in [15, Theorem 4.2]. Then we can apply our result 
to the new QP again and these processes provide a family of derived equivalences. We note that Keller and 
Yang [20] proved that, for two QPs related by QP mutation, their Ginzburg dg algebras, which are certain 
enhancement of Jacobian algebras, are derived equivalent though their Jacobian algebras are far from being 
derived equivalent in general. On the other hand, Theorem 1.1 tells us that Jacobian algebras are already 
derived equivalent in our setting.

Notations Let K be an algebraically closed field and D := HomK(−, K). All modules are left modules. 
For a finite dimensional algebra Λ, we denote by modΛ the category of finitely generated Λ-modules and by 
addM the subcategory of modΛ consisting of direct summands of finite direct sums of copies of M ∈ modΛ. 
The composition fg means first f , then g. For a quiver Q, we denote by Q0 vertices and by Q1 arrows of Q. 
We denote by s(a) the start vertex and by e(a) the end vertex of an arrow or path a.

2. Preliminaries

2.1. Quivers with potential

We recall the definition of quivers with potential. We follow [11].

• Let Q be a finite connected quiver without loops. We denote by KQi the K-vector space with basis 
consisting of paths of length i in Q, and by KQi,cyc the subspace of KQi spanned by all cycles. We 
denote the complete path algebra by

K̂Q =
∏
i≥0

KQi

and by J
K̂Q

the Jacobson radical of K̂Q. A quiver with potential (QP) is a pair (Q, W ) consisting of a 
finite connected quiver Q without loops and an element W ∈

∏
i≥2 KQi,cyc, called a potential. For each 

arrow a in Q, the cyclic derivative ∂a : K̂Qcyc → K̂Q is defined as the continuous linear map satisfying 
∂a(a1 · · · ad) =

∑
ai=a ai+1 · · · ada1 · · · ai−1 for a cycle a1 · · · ad. For a QP (Q, W ), we define the Jacobian 

algebra by

P(Q,W ) = K̂Q/J (W ),
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