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1. Introduction

Let A = {a1,...,a,} C N" be a vector configuration in Q" and NA := {lja; + -+ + l,a,, | [; € N}
the corresponding affine semigroup. We grade the polynomial ring K|z, ..., z,,] over an arbitrary field K
by the semigroup NA setting deg4(z;) = a; for i = 1,...,m. For u = (uy,...,um,) € N we define the
A-degree of the monomial x" := z}* --- 2% to be

uiag + - + upa,, € NA.

We denote it by deg 4 (x"), while the usual degree u; +- - -+u,, of x* we denote by deg(x"™). The toric ideal I4
associated to A is the prime ideal generated by all the binomials x" — x¥ such that deg 4 (x") = deg 4 (x"),
see [5]. A nonzero binomial x" —xV in I is called primitive if there exists no other binomial x%V —xZ in I4
such that x% divides x" and x* divides xV. The set of the primitive binomials forms the Graver basis of 14
and is denoted by Gr,4. An irreducible binomial is called a circuit if it has minimal support, where the
support of a binomial x" — xV is the set of all a; such that z;|x" or z;|xV. The set of the circuits is denoted
by C4 and it is a subset of the Graver basis, see [5]. The Graver basis contains also every minimal system

of generators of I4 and the universal Grobner basis, the union of all reduced Grébner bases, see [5].
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One of the fundamental problems in toric algebra is to give good upper bounds on the degrees of the
elements of the Graver basis. These bounds have important implications to integer programming and com-
putational algebraic geometry, see [1,5,6]. There exist several bounds on the degrees of the elements of the
Graver basis of a toric ideal, see for example [1,5,7]. It is an interesting question if the maximum degree of
a circuit or the maximum true degree of a circuit bounds the maximum degree of any Graver basis element,
see [5, Chapter 4], [6, Conjecture 4.8], [1, Conjecture 2.2.10]. Following [6] we define the true degree of
a circuit as follows: Consider any circuit C' € Cy, the lattice Z(supp(C)) has finite index in the lattice
R(supp(C)) N ZA, which is called the index of the circuit C' and is denoted by index(C'). The true degree
of the circuit C is the product deg(C) - index(C). The crucial role of the true circuit degrees was first
highlighted in Hosten’s dissertation [1].

Let us call t4 the maximal true degree of any circuit in C4. The true circuit conjecture says that

deg(B) g tAa

for every B € Gr 4. There are several examples of families of toric ideals where the true circuit conjecture
is true, see for example [3]. It is also true for some families of toric ideals of graphs, see [7, Section 4].
However it is not true in the general case. In [7] we gave an infinite family of counterexamples to the true
circuit conjecture by providing toric ideals and elements of the Graver basis for which their degrees are not
bounded above by t4. We note that in the counterexamples of [7] the degrees of the elements of the Graver
basis were bounded by ¢%. In this article we consider the following question:

Question. Does the degree of any element in the Graver basis Gr 4 of a toric ideal 14 is bounded above by

a constant times (t4)? or a constant times (t4)2014?

To disprove such a statement, one has to produce examples of toric ideals such that there exist elements
in their Graver basis of very high degree and at the same time the true degrees of their circuits have to be
relatively low. In order to achieve that, one needs to compute the Graver basis and the set of circuits for
toric ideals I4 in a polynomial ring with a huge number of variables. This procedure is computationally
demanding, if not impossible. An alternative approach is given by the class of the toric ideals of graphs
where we explicitly know the form of the elements of their Graver basis, see [4], and of their circuits, see [8].

The main result of the article is Theorem 4.5 which says that: there is no polynomial in ta that bounds
the degree of every element in the Graver basis Gra of a toric ideal I4.

To prove the theorem we are going to construct a family of graphs G7'. For the toric ideals of these
graphs and for a fixed n we are going to prove that there are elements in the Graver basis whose degrees are
exponential on r, see Proposition 4.1, while the true degrees of their circuits are linear on r, see Theorem 3.1
and Proposition 4.3.

This work is related with the true circuit conjecture the importance of which lies in the fact that, if it
was true, it provides good upper bounds for the degrees of the generators of projective toric varieties, see [6,
Conjecture 4.1]. Our main result shows that there is no polynomial in t4 or in maxdeg(C,) that bounds the
degree of every element in the Graver basis Gra of a toric ideal I4, which is also of independent interest.
Finally, this work demonstrates the power of toric ideals of graphs to produce examples of toric ideals with
specific properties. This is due to the diversity of graphs and the explicit knowledge of the form of the
elements of the Graver basis, the Markov bases, see [4], the circuits, see [8], and the universal Grobuner basis,
see [7].

2. Toric ideals of graphs

Let G be a finite simple connected graph with vertices V(G) = {vi,...,v,} and edges E(G) =
{e1,...,em}. Let Kleq,...,en] be the polynomial ring in the m variables ey, ..., e, over a field K. We
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