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We study the algebraic geometry of a family of evaluation codes from plane
smooth curves defined over any field. In particular, we provide a cohomological
characterization of their dual minimum distance. After having discussed some
general results on zero-dimensional subschemes of the plane, we focus on the
interesting case of Hermitian s-point codes, describing the geometry of their dual
minimum-weight codewords.
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1. Introduction

Let F be any finite field and let n ≥ 1 be an integer. A linear code of length n and dimension k over F is
a k-dimensional vector subspace C ⊆ Fn. The elements of C are called codewords. For any v, w ∈ C define
the distance between v and w by d(v, w) := |{1 ≤ i ≤ n : vi �= wi}|. The weight of a codeword v ∈ C is
defined as wt(v) := d(v, 0). The minimum distance of a code C ⊆ Fn of at least two elements is the positive
integer

d(C ) := min
v∈C\{0}

wt(v) = min
v �=w∈C

d(v, w).

A code of minimum distance d corrects �(d− 1)/2� errors: the higher is the minimum distance, the higher
is the correction capability. Define the inner product in Fn by v ·w :=

∑n
i=1 viwi. The dual code of C is the

(n− k)-dimensional code C⊥ := {u ∈ Fn : u · v = 0 for any v ∈ C }.

Definition 1. We say that codes C ,D ⊆ Fn are strongly isometric if the codewords of C are obtained
multiplying component-wise the codewords of D by a vector of Fn whose components are all nonzero.
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Remark 2. The strong isometry is an equivalence relation on the set of codes in Fn. Strongly isometric
codes have the same dimension and the same minimum distance. Moreover, a strong isometry preserves the
support of the codewords and, in particular, the number of minimum-weight codewords of a code. Codes C

and D are strongly isometric if and only if their dual codes C⊥ and D⊥ are strongly isometric.

Let Pr be the projective r-dimensional space over F, and let C ⊆ Pr be a connected smooth curve defined2

over F. Assume that C is a complete intersection. Choose any subset B ⊆ C(F) of F-rational points of C
and an integer d > 0. Finally, consider the linear map

ev : H0(C,OC(d)
)
→ F|B|

(|B| denotes the cardinality of B) which evaluates a degree d homogeneous form on C at the points appearing
in B. Being a vector subspace of F|B|, the image of ev, say C , is a linear code of length |B| over the finite
field F.

Recently, A. Couvreur showed in [2] that a lower bound on the minimum distance of C⊥ can be expressed
in terms of d and the projective geometry of B (for instance, the existence in B of d + 2 collinear points).
Codes arising from geometric constructions are known to have good parameters for applications and a wide
literature on the topic is available (see in particular [15] and [16]).

In this paper we focus on the case r = 2 of the described approach (i.e., on the case of plane smooth
curves) and provide an improvement of Couvreur’s method in this specific context. More precisely, we
introduce zero-dimensional schemes in the setup, and study codes obtained evaluating vector spaces of the
more general form H0(C,OC(d)(−E)), where E ⊆ P2 is a zero-dimensional scheme whose support avoids
the set B in the notation above. This class of codes includes many classical Goppa codes (see Remark 14 on
page 1036). Then we apply the results for arbitrary curves to the special case of codes from the Hermitian
curve, providing a geometric characterization of the dual minimum-weight codewords of many Hermitian
s-point codes (see [15], Chapter 10 for the definitions).

1.1. Layout of the paper

The paper is organized in three main parts. In Section 2 we characterize the dual minimum distance
of codes arising from smooth plane curves, and establish a key lemma to control zero-dimensional plane
schemes from a cohomological point of view. In Section 3 we describe some geometric properties of Hermitian
s-point codes. In Section 4 we prove our main results on Hermitian s-point codes.

1.2. Main references

One-point codes from the Hermitian curve are well-studied, and efficient methods to decode them are
known [16–18]. The minimum distance of Hermitian two-point codes has been first determined by M. Homma
and S.J. Kim [6–9] and more recently S. Park gave explicit formulas for the dual minimum distance of such
codes (see [14]) using different techniques. The second and the third Hamming weight of one-point codes
on the Hermitian curve are studied in [12,18] and [13]. The second Hamming weight of Hermitian two-point
codes is treated in [10].

2 The curve C could be not defined over F, but only over the algebraic closure F of F.
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