Linear Algebra and its Applications 513 (2017) 1-32

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

www.elsevier.com/locate/laa

On matrix polynomials with the same finite and @ CoseMark
infinite elementary divisors ™

A. Amparan*, S. Marcaida, I. Zaballa

Departamento de Matemdtica Aplicada y EIO, Universidad del Pais Vasco
UPV/EHU, Apdo. Correos 644, Bilbao 48080, Spain

ARTICLE INFO ABSTRACT
Article history: A criterion is presented that characterizes when two matrix
Received 23 May 2016 polynomials of any size, rank and degree have the same

Accepted 1 October 2016
Available online 4 October 2016
Submitted by F. Dopico

finite and infinite elementary divisors. This characterization
inherits a coprimeness condition of the extended unimodular
equivalence defined by Pugh and Shelton [17] in the set of

MSC: real or complex matrix polynomials satisfying the constraint
12E05 that the difference between the number of rows and columns
15A54 is constant. This extended unimodular equivalence is first
26C15 generalized to matrices of any size with elements in any
93B25 principal ideal domain.

© 2016 Elsevier Inc. All rights reserved.
Keywords:
Principal ideal domain
Smith—-McMillan form
Finite elementary divisors
Infinite elementary divisors
Coprimeness

* Supported by Ministerio de Economia y Competitividad MTM2013-40960-P and MTM2015-68805-
REDT, Gobierno Vasco GIC13/IT-710-13 and UPV/EHU UFI11/52.
* Corresponding author.

E-mail addresses: agurtzane.amparan@ehu.cus (A. Amparan), silvia.marcaida@ehu.ecus (S. Marcaida),
ion.zaballa@ehu.eus (I. Zaballa).

http://dx.doi.org/10.1016/j.1aa.2016.10.002
0024-3795/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2016.10.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:agurtzane.amparan@ehu.eus
mailto:silvia.marcaida@ehu.eus
mailto:ion.zaballa@ehu.eus
http://dx.doi.org/10.1016/j.laa.2016.10.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2016.10.002&domain=pdf

2 A. Amparan et al. / Linear Algebra and its Applications 513 (2017) 1-32

1. Introduction

The problem of characterizing when two matrix polynomials (of any sizes, ranks and
degrees) have the same finite and infinite elementary divisors has received attention
in the literature of linear control systems (see [10,12-14] for example). Motivation and
an account of relevant results about this problem can be found in the introduction
of [14].

The problem originated in a paper by Pugh and Shelton, [17], which, in turns, was
motivated by an equivalence relation defined by Fuhrmann [8] on polynomial system
matrices (see [18,11]) that generalized the well-known Rosenbrock’s strict system equiv-
alence [18]. Pugh and Shelton called their equivalence relation extended unimodular
equivalence and it is defined as follows: Let &?(n1,ng) be the set of (£ + ny) x (€ + na)
matrix polynomials where n; and no are fixed integers and ¢ is any integer greater than
max(—ny, —ng). Then Dy, Dy € £(ny,ns) are said to be extended unimodular equiva-
lent if there exist two matrix polynomials of appropriate sizes N7 and Ns such that:

(i) Dy and Nj are right coprime;
(ii) Dy and Ny are left coprime; and
(ili) NoDy = DN,

An important feature of this equivalence relation is that it is defined for matrices with
possible different sizes. These matrices cannot have the same Smith normal form (see (3))
but they may have the same invariant factors up to the number of them equal to 1.
Since the elementary divisors of a matrix polynomial are determined by its non-trivial
invariant factors (i.e., those different from 1), matrix polynomials of different sizes may
have the same elementary divisors. This is precisely one of the main results in [17]:
Dy,Dy € P(ny,ns) are extended unimodular equivalent if and only if they have the
same Smith normal form up to the number of trivial invariant factors and the number
of zero rows and zero columns.

Motivated by the study of the forward and backward behavior of linear homogeneous
matrix difference equations (see [12-14] and the references therein), tries have been made
to obtain an equivalence relation that preserves both the finite and infinite elementary
divisors and generalizes the extended unimodular equivalence. In particular, a new rela-
tion is defined in [13], called strong equivalence, that, in addition to conditions (i)—(iii)
above, requires similar properties for the reversal matrix polynomials of Dy and Ds. It
is then proved that strong equivalent matrix polynomials in £?(ny,ns) have the same
finite and infinite elementary divisors. However, it follows from [6, Theorem 4.1] that
the converse is not true in general. Indeed, in that paper a new equivalence relation in
P(n1,ng) is defined, called spectral equivalence, and it is shown that:

e Di,Dy € P(ny1,ns) are strong equivalent if and only if they are spectral equiva-
lent.
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