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A real square matrix A is called a sign-nonsingular (SNS) 
matrix if every matrix with the same sign pattern as A
is not singular. An m × n matrix A with term rank m is 
called to have a nonzero signed row compound provided that 
each square submatrix of order m of A is an SNS-matrix 
or has an identically zero determinant. As generalizations of 
SNS-matrices, S∗-matrices, and totally L-matrices, matrices 
with nonzero signed row compound have a close relationship 
with matrices with signed null-spaces which are applied 
to characterize linear systems with signed solutions. In 
this paper, matrices with nonzero signed row compound 
are characterized in terms of their signed bipartite graphs. 
Following these results, characterizations of matrices with 
signed null-spaces and full row term ranks in terms of 
their signed bipartite graphs are obtained too. The recursive 
structure of m × (m + 2) row sign balanced (RSB) maximal 
(0, 1, −1)-matrices with nonzero signed row compound (or 
with signed null-spaces) is also characterized.
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1. Introduction

Let A = (aij)m×n be a real matrix. The zero pattern of A is a (0, 1)-matrix (zij)m×n

satisfying zij = 1 if and only if aij �= 0. The sign of a real number a, denoted by sgn(a), 
is defined as follows: sgn(a) = 1, if a > 0; sgn(a) = −1, if a < 0; sgn(a) = 0, if a = 0. 
The sign pattern of A, denoted by sgn(A), satisfies sgn(A) = (sgn(aij))m×n. The set 
of all the matrices with the same sign pattern as A is called the qualitative class of A, 
denoted by Q(A), i.e. Q(A) = {Ã|sgn(Ã) = sgn(A)}. Qualitative matrix theory involves 
the study of “qualitative properties” of matrices which depend only on the sign patterns 
of the matrices. Qualitative matrix theory has been extensively studied, see, for example, 
[2–7].

The study of sign solvable linear systems originated with the work of qualitative 
economics by Samuelson in 1947 (see [2]). Let A be an m × n matrix and b an m × 1
vector. The linear system Ax = b is sign solvable provided each linear system Ãx = b̃

(where Ã ∈ Q(A) and b̃ ∈ Q(b)) has a solution and all such solutions have the same sign 
pattern.

In 2000, Kim and Shader generalized the concept of sign solvable linear system to 
that of linear system with signed solutions (see [3]). The linear system Ax = b is said to 
have signed solutions provided for each Ã ∈ Q(A) and b̃ ∈ Q(b), the set of sign patterns 
of the solutions of Ãx = b̃ is equal to that of Ax = b.

A matrix A is defined to have signed null-space provided Ax = 0 has signed solutions. 
In [3], matrices with signed null-spaces were introduced and applied to characterize linear 
systems with signed solutions.

A real matrix is an L-matrix provided every matrix in its qualitative class has linearly 
independent columns (note that it is defined in terms of rows in [2]). A real square matrix 
A is called a sign-nonsingular (SNS) matrix if every matrix in Q(A) is not singular. An m

by m + 1 matrix A is called an S∗-matrix provided that each submatrix of order m of 
A is an SNS-matrix. It is known that there exists a row of an S∗-matrix with exactly 
two nonzero entries (see [2, Theorem 4.1.1]). An m by n matrix A is called a totally 
L-matrix provided that each submatrix of order m of A is an SNS-matrix. L-matrices, 
SNS-matrices, S∗-matrices and totally L-matrices are matrices with signed null-spaces 
(see [3]).

An m × n matrix A with term rank m is called to have a nonzero signed row com-
pound [6] (also called nonzero signed mth compound in [2]) provided that each square 
submatrix of order m of A is an SNS-matrix or has an identically zero determinant. Matri-
ces with nonzero signed row compound are generalizations of SNS-matrices, S∗-matrices 
and totally L-matrices.

A matrix A is said to be permutation equivalent to matrix B, if A can be transformed 
into B by permuting its rows and columns.

In 1995, Brualdi and Shader pointed out in [2, Section 5.3] that a matrix with nonzero 
signed row compound is permutation equivalent to a matrix with a special block par-
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