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Denote by μk(L(T )) the k-th Laplacian eigenvalue of a tree T . 
Let Tk(2t) be the set of all trees of order 2tk with perfect 
matchings. In this note, the trees T in Tk(2t) with μk(L (T )) =
t+2+

√
t2+4

2 are characterized, which solves Problem of J.X. Li, 
W.C. Shiu and A. Chang in [3] completely.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a simple graph and D(G) be the diagonal matrix of vertices degrees. The 
Laplacian matrix L(G) of G is defined as L(G) = D(G) − A(G), where A(G) is the 
adjacency matrix of G. Write |G| for the order of graph G. For an edge e of G, denote by 
G − e the subgraph of G obtained by deleting the edge e; for a vertex v of G, denote by 
G −v the subgraph of G obtained by deleting the vertex v and all the edges incident to v. 
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For a real symmetric matrix M , the characteristic polynomial det(xI−M) is denoted by 
Φ(M ; x), and denote μk(M) the k-th eigenvalue of M (of order n), and the inequalities

μ1(M) ≥ μ2(M) ≥ · · · ≥ μn(M)

hold. Write

a(t) = t + 2 +
√
t2 + 4

2

for short in this paper. Denote

Tk(2t) =
{
T : tree T has a perfect matching with |T | = 2tk

}
.

For a tree T in Tk(2t) the value μk(L (T )) was studied by Guo et al. in [4] and Li et al. 
in [3].

Lemma 1. (See [4].) When t = 1, we have μk(L(T )) = 2 for any tree T in Tk(2t).

Lemma 2. (See [3].) When t ≥ 2, we have μk(L(T )) ≤ a(t) for any tree T in Tk(2t).

Let T ∗ (it is written as T (2t, t) in [3]) be the tree obtained from the star K1,t−1 (t ≥ 2) 
by adding a new pendent edge at each vertex. Write kT ∗ for the union of k disjoint T ∗. 
Denote

Tk(2t) =
{
T : tree T contains kT ∗ as a spanning subgraph

}
.

Clearly, Tk(2t) ⊆ Tk(2t). In [3], an algebraic characterization in terms of μk(L(T )) for 
a tree T in Tk(2t) was proposed as Problem 3.

Problem 3. (See [3].) Let T be a tree in Tk(2t) and t ≥ 2. Then μk(L(T )) = a(t) if and 
only if T is a tree in Tk(2t).

Lemma 4. (See [1].) Let G be a graph of order n obtained from G′ by deleting an edge. 
Then the eigenvalues of L(G′) and L(G) interlace, that is,

μ1 (L(G′)) ≥ μ1 (L(G)) ≥ μ2 (L(G′)) ≥ μ2 (L(G)) ≥ · · · ≥ μn (L(G′)) ≥ μn (L(G)) .

The proof for the sufficiency part of Problem 3 can rely on Remark of [3], and for 
completeness, we restate here. Since μ1(L (T ∗)) = a(t) (see Lemma 5), we have

μ1(L (kT ∗)) = μ2(L (kT ∗)) = · · · = μk(L (kT ∗)) = a(t).

If T is a tree in Tk(2t), i.e., T contains kT ∗ as a spanning subgraph, from Lemmas 4
and 2 we have
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