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Almost every nonsingular matrix A ∈ R
2m,2m can be 

decomposed into the product of a symplectic matrix S and 
an upper J-triangular matrix R. This decomposition is not 
unique. In this paper we analyze the freedom of choice 
in the symplectic and the upper J-triangular factors and 
review several existing suggestions on how to choose the free 
parameters in the SR decomposition. In particular we consider 
two choices leading to the minimization of the condition 
number of the diagonal blocks in the upper J-triangular 
factor and to the minimization of the conditioning of the 
corresponding blocks in the symplectic factor. We develop 
bounds for the extremal singular values of the whole upper 
J-triangular factor and the whole symplectic factor in terms 
of the spectral properties of even-dimensioned principal 
submatrices of the skew-symmetric matrix associated with 
the SR decomposition. The theoretical results are illustrated 
on two small examples.
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1. Introduction

For each natural number m we define the skew-symmetric matrix

J2m =
(

0 Im
−Im 0

)
∈ R

2m,2m,

where Im ∈ R
m,m denotes the identity matrix of the order m. It is clear that J2m is 

nonsingular with J−1
2m = JT

2m = −J2m. If I2m = [e1, . . . e2m] is the identity matrix of 
order 2m we define a permutation matrix P2m ∈ R

2m,2m as

P2m = [e1, e3, . . . , e2m−1, e2, e4, . . . , e2m].

It follows that P−1
2m = PT

2m = [e1, em+1, e2, em+2, . . . , em, e2m]. Using the permutation 
matrix P2m, the matrix J2m can be permuted to the block diagonal matrix Ĵ2m ∈ R

2m,2m

such that

Ĵ2m = P2mJ2mPT
2m = diag(

(
0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
).

Definition 1. A real square matrix S2m ∈ R
2m,2m is a symplectic matrix if ST

2mJ2mS2m =
J2m. Similarly, a real rectangular matrix S2m,2n ∈ R

2m,2n is called semi-symplectic if 
ST

2m,2nJ2mS2m,2n = J2n.

Definition 2. A matrix R2m =
(
R1,1 R1,2
R2,1 R2,2

)
∈ R

2m,2m is an upper J-triangular matrix 

if R1,1, R1,2, and R2,2 ∈ R
m,m are upper triangular matrices and R2,1 ∈ R

m,m is strictly 
upper triangular matrix.

Note that if R2m is an upper J-triangular matrix, then the matrix R̂2m =
P2mR2mPT

2m ∈ R
2m,2m is an upper triangular matrix of the form

R̂2m =

⎛
⎜⎝

R̂1,1 . . . R̂1,m

0
. . .

...
0 0 R̂m,m

⎞
⎟⎠ ,

where R̂i,j ∈ R
2,2 for i = 1, . . . j; j = 1, . . . , m and R̂j,j is upper triangular for j =

1, . . . , m.
The question whether a square matrix of order 2m can be decomposed into the product 

of a symplectic matrix and an upper J-triangular matrix is answered in the following 
theorem.
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