Linear Algebra and its Applications 507 (2016) 132-136

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

www.elsevier.com/locate/laa

Commuting maps over the ring of strictly upper @ Cosetark
triangular matrices

Jordan Bounds

Department of Mathematical Sciences, Kent State University, Kent, USA

ARTICLE INFO ABSTRACT
Article history: Let N, r > 4, be the ring of strictly upper triangular matrices
Received 3 May 2016 with entries in a field F' of characteristic zero. We describe all
Accepted 31 May 2016 linear maps f : N, — N, satisfying [f(x),z] = 0 for every
Available online 2 June 2016 rEN

.

Submitted by M. Bresar © 2016 Elsevier Inc. All rights reserved.

MSC:
15A78
16R60

Keywords:
Commuting maps
Upper triangular matrices

For a ring R we say that the map f : R — R is commuting if [f(x),z] = 0 for
every © € R where [a,b] = ab — ba denotes the standard commutator. The first general
result regarding commuting maps comes from BresSar [2] when it was shown that additive
commuting maps f over a simple unital ring R must be of the form f(z) = Az + u(x)
for some A € Z(R) and additive p : R — Z(R) where Z(R) denotes the center of R.
This form is usually called a standard form for the commuting map. There are plenty
of results on commuting maps and the reader is referred to the survey paper [3] for
acquaintance with the development of the theory of commuting maps and the various
results that have been established.
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In 2000, Beidar, Bresar, and Chebotar [1] proved that a similar result holds true over
T, = T,.(F), the ring of r X r upper triangular matrices over a field F. Their work
showed that any linear commuting map f : T, — T, is again of the standard form, so
f(z) = Az + p(z) for some X € F and linear map p : T, — Z(T7).

In this short note, we examine commuting maps over the ring of strictly upper tri-
angular matrices N, = N,(F) over a field F. It is well-known that the center Z(N,)
consists of matrices of the form {ze; ,}, where z € F' and e; , is a matrix unit. It would
be natural to expect that the commuting maps on N, are of the standard form. How-
ever, to our surprise it is not the case. Fortunately, their description still looks nice as
commuting maps are “almost” of the standard form.

Theorem 1. Let r > 4 and let N, = N,.(F) be the ring of strictly upper triangular matrices
over a field F of characteristic zero. Let f : N, — N, be a commuting linear map. Then
there exist A € F and an additive map p : N — Q such that f(z) = Az + p(z) for all
x € N, where Q = {ae1 ,—1 + be1, + cea, : a,b,c € F} and e;; denotes the standard
matriz unit.

The set © in the statement of Theorem 1 is essential for our conclusion. Our next
example demonstrates that it is easy to find a commuting map over NN, that is not of
the standard form.

Example 2. Consider the map G : N — N,. defined as follows:

0 1,2 413 e ai,r o --- 0 ai,2 0
0 as3z -+ ag, 0O -« 0 a1,
G: o . |- 0 0
0 ar—l,r t- :
0 0

Then for A = (a;;) € N, we have that G(A)A = a1 2a,-1 €1, = AG(A), making G a
commuting map on N, of the form outlined in Theorem 1 with A = 0.

Throughout the rest of the paper we will assume that the field F' is of characteristic
zero. In order to prove our main result, we first need to establish a few lemmas. Given
that we are examining commuting maps, it is considerably helpful to be able to describe
the centralizer of each element in V,.. We then make use of this first lemma, which follows
from Theorem 3.2.4.2 of Horn and Johnson [4].

r—1
Lemma 3. Let A = Y a;i41€ii+1 such that a; ;41 # 0 for 1 < i < r — 1. Then the
i=1

centralizer of A in N, is given by Ca = {an A+ agA? + - + a1 A" 1},
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