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A digraph Γ = (V, E) is a line digraph when every pair of ver-
tices u, v ∈ V have either equal or disjoint in-neighborhoods. 
When this condition only applies for vertices in a given subset 
(with at least two elements), we say that Γ is a locally line 
digraph. In this paper we give a new method to obtain a di-
graph Γ′ cospectral with a given locally line digraph Γ with 
diameter D, where the diameter D′ of Γ′ is in the interval 
[D − 1, D + 1]. In particular, when the method is applied to 
De Bruijn or Kautz digraphs, we obtain cospectral digraphs 
with the same algebraic properties that characterize the for-
mers.

© 2016 Elsevier Inc. All rights reserved.

1. Preliminaries

In this section we recall some basic terminology and simple results concerning digraphs 
and their spectra. For the concepts and/or results not presented here, we refer the reader 
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Fig. 1. Scheme of the sets of Theorem 2.1. The arcs that change from Γ to Γ′ are represented with a thick 
line.

to some of the basic textbooks and papers on the subject; for instance, Chartrand and 
Lesniak [1] and Diestel [3].

Through this paper, Γ = (V, E) denotes a digraph, with set of vertices V = V (Γ)
and set of arcs (or directed edges) E = E(Γ), that is strongly connected (namely, every 
vertex is connected to any other vertex by traversing the arcs in their corresponding 
direction). An arc from vertex u to vertex v is denoted by either (u, v) or u → v. As 
usual, we call loop an arc from a vertex to itself, u → u, and digon to two opposite 
arcs joining a pair of vertices, u � v. The set of vertices adjacent to and from v ∈ V is 
denoted by Γ−(v) and Γ+(v), respectively. Such vertices are referred to as in-neighbors
and out-neighbors of v, respectively. Moreover, δ−(v) = |Γ−(v)| and δ+(v) = |Γ+(v)| are 
the in-degree and out-degree of vertex v, and Γ is d-regular when δ+(v) = δ−(v) = d

for any v ∈ V . Similarly, given U ⊂ V , Γ−(U) and Γ+(U) represent the sets of vertices 
adjacent to and from (the vertices of) U . Given two vertex subsets X, Y ⊂ V , the subset 
of arcs from X to Y is denoted by e(X, Y ).

In the line digraph LΓ of a digraph Γ, each vertex represents an arc of Γ, V (LΓ) =
{uv : (u, v) ∈ E(G)}, and a vertex uv is adjacent to a vertex wz when v = w, that 
is, when in Γ the arc (u, v) is adjacent to the arc (w, z): u → v(= w) → z. By the 
Heuchenne’s condition [9], a digraph Γ is a line digraph if and only if, for every pair 
of vertices u, v, either Γ+(u) = Γ+(v) or Γ+(u) ∩ Γ+(v) = ∅. Since the line digraph 
of the converse digraph Γ (obtained from Γ by reversing the directions of all the arcs) 
equals the converse of the line digraph, LΓ = LΓ, the above condition can be restated 
in terms of the in-neighborhoods Γ−(u) and Γ−(v). In particular, we say that a digraph 
is a (U-)locally line digraph if there is a vertex subset U with at least two elements such 
that Γ−(u) = Γ−(v) for every u, v ∈ U .

In the case of graphs instead of digraphs, the Godsil–McKay switching given in [8] is 
a technique to obtain cospectral graphs.

2. Main result

The following result describes the basic transformation of a digraph Γ into another 
digraph Γ′ modifying slightly the walk properties of the former (see Fig. 1).
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