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case we show they are a Hadamard product of tree ultramet-
ric matrices, generalizing a result by Gantmacher and Krein
[12] done for inverse tridiagonal matrices. We also provide an

MSC: algorithm that recognizes when a positive matrix W has an

15A48 inverse M-matrix supported on a tree. This algorithm has

15A51 quadratic complexity. We also provide a formula to compute

60J45 W1, which can be implemented with a linear complexity. Fi-
nally, we also study some stability properties for Hadamard
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1. Introduction and basic definitions

Markov chains are used to model a variety of phenomena and one is accustomed to
estimate its transition probability P in order to simulate and understand the underline
probabilistic structure. Nevertheless, there are some situations where a direct measure-
ment of P is not available. For example, this happens in electrical networks, where P is
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related to the resistances of the network (see for example [10] section 2.7). Instead, we
can measure the potential W of the Markov chain, which is the mean expected number
of visits per site (assuming the chain is transient). These two matrices are related by
W = (I — P)~%, so in principle one can model W instead of P. The main drawback of
this approach is that structural restrictions for potentials are difficult to state (this is
part of the inverse M-matrix problem).

In this article, we show how to handle this problem under the extra hypothesis that
the incidence graph of W~! is a tree. In the nomenclature of Klein [15], W~! is a
treediagonal. This is the case of a linear tree like Birth and Death chains and some
networks like the electric power distribution system. In Theorem 2.5, we show that to
reconstruct the chain it is enough to measure the potential at edges and nodes of the tree.
The unique restrictions on those numbers are given by the 2 x 2 determinants associated
with every edge. On the other hand, Theorem 2.2 (see also Corollary 2.3) provides an
explicit formula to compute P from W. The complexity of this formula is linear in the
number of nodes in the tree. More explicitly, if W is an n x n matrix, then the algorithm
obtained from this formula, uses at most 11n operations (products, divisions and sums)
to compute W~!. Notice here that while W~! is an sparse matrix, W itself is a full
matrix (under irreducibility W > 0).

For the sake of completeness, we recall that a matrix @ is an M-matrix if it is a
Z-maftrix, that is, the off diagonal elements are nonpositive, ) is nonsingular and the
entries of its inverse Q! are nonnegative. We refer to [13] section 2.5 for a set of equiv-
alent conditions that characterize M-matrices. It is worth mentioning that the diagonal
entries of an M-matrix are positive. On the other hand, a relevant sufficient condition for
a Z-matrix @ to be an M-matrix, is that @ is nonsingular and row diagonally dominant,
that is, for all ¢ the row sum Zj Qi > 0.

In Theorem 2.7 we characterize, in an algorithmic way, those positive matrices whose
inverses are M-matrices supported on a tree. The associated algorithm is developed in
Appendix B, which provides the tree associated with W ! with a complexity bounded
by %nQ.

As a complement, Theorem 2.1 provides a description of a potential associated with
a Markov chain supported on a tree. This is done in terms of ultrametric matrices.
A sufficient condition is that U = diag(1./W,,) Wdiag(1./W,,) is an ultrametric matrix.
On the other hand, in the symmetric case, a necessary and sufficient condition is that
W is the Hadamard product of tree ultrametric matrices, plus condition (2.2). As tree
ultrametric matrices are simple to construct, this result provides a simple way to describe
general Markov chains on trees.

In [9], we have proved that every potential of a random walk on {1, - - -, n} with nearest
neighbor transitions, is the product of a positive diagonal matrix with a matrix which is
the Hadamard product of two ultrametric matrices. This is equivalent to representing the
inverse of a tridiagonal and row diagonally dominant M-matrix as such product. This
was done in the symmetric case in [12]. In our setting, we shall see that we require one
ultrametric matrix per extremal point of the set (on the tree) where the chain is losing
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