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We study the algebra of differential operators on the triangular 
algebras and the upper triangular algebras. We further 
identify all the ideals of the algebra of differential operators 
on the upper triangular algebras.
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1. Introduction

Let k be a field, 
⊗

:=
⊗

k
, and all k-algebras under consideration are associative and 

unital.
Let A be a k-algebra. In [10], the definition of the algebra of differential operators on 

any k-algebra is given. The second named author and T. McCune have identified these 
algebras of differential operators for several k-algebras; see [4–7].
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In this paper we consider the case when A is the triangular matrix algebra, or simply 
triangular algebras, constructed by using two k algebras R, S and an (R, S)-bimodule B, 
denoted by T (R, B, S) (section 3) and when A = U(R) is the algebra of upper triangular 
matrices over a k-algebra R.

Various maps on triangular algebras, have been studied; for example, see [2] and [11]
and references therein. Derivations, Jordan derivations, and automorphisms of U(R) have 
been studied; see [1,3,8,9], and references therein. For instance, it has been established in 
these works that every k-linear derivation on U(R) is the sum of an inner derivation and 
an extension of a k-linear derivation on R. Likewise, every k-automorphism of U(R) is 
the composition of an inner automorphism with an extension of a k-automorphism of R. 
In this article we prove that every differential operator on U(R) is given by an inner 
differential operator and an extension of a differential operator on R. This follows from 
the fact that U(R) = U(k) ⊗R implies that the algebra of differential operators on U(R), 
Dk(U(R)), is isomorphic to Dk(U(k)) ⊗Dk(R) (by Theorem 3.1.1 of [5]). We therefore 
focus this paper on the study of Dk(U(k)) and its ideals. We identify all the left, right, 
and two-sided ideals of Dk(U(k)) (Theorem 5.2). We also identify all the maximal left 
ideals of Dk(U(k)) (Theorem 5.1).

The paper is organized as follows. In section 2, we present the preliminaries required 
for the rest of the paper. In section 3 we identify the algebra of differential operators on 
the triangular algebra. We also describe the relations among the generating operators 
for the algebra. In section 4 we describe the algebra of differential operators on U(k).

2. Preliminaries

We recall the definition of the algebra of differential operators on A, denoted by Dk(A)
from [10]. Let Homk(A, A) denote the k-algebra of k-linear homomorphisms on A.

For each r ∈ A we let λr, ρr ∈ Homk(A, A) be given by λr(s) = rs and ρr(s) = sr for 
s ∈ A. For a homomorphism ϕ ∈ Homk(A, A) and r ∈ A when we write [ϕ, r], we mean 
[ϕ, λr].

The algebra Homk(A, A) is an A-bimodule with r · ϕ · s := λrϕλs for r, s ∈ A and 
ϕ ∈ Homk(A, A).

We now define the A-bimodule Dm
k

(A) of differential operators on A of order ≤ m. 
For m � 0, we let Dm

k
(A) = 0. For m ≥ 0, define Dm

k
(A) to be the A-bimodule generated 

by

Zm = {ϕ ∈ Homk(A,A)|ϕr − rϕ ∈ Dm−1
k

(A), for all r ∈ A}

We see that ϕ ∈ Z0 implies, ϕ(r) = (ϕr)(1) = (rϕ)(1) = rϕ(1). Thus, ϕ = ρϕ(1), the 
homomorphism given by right multiplication by ϕ(1). Thus, the A-bimodule generated 
by Z0 is generated by the set of all homomorphisms λr, ρr, for r ∈ A, where λr is the 
homomorphism given by left multiplication by r. We therefore call elements of D0

k
(A)

the inner differential operators on A.
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