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scatterers from the solution to the homogeneous (background
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1. Introduction

Spectral graph theory is a rich and well-developed theory for both the combinato-
rial and analytic properties of graphs. The following set-up is generally considered. Let
G = (V,E) be a graph with vertex set V and edge set E, and L be the combinato-
rial Laplacian L, or some suitably rescaled variant [16]. We can then formulate a graph
analog of Poisson’s equation

(L)) = f(x), zeV
{ u(x) = g(x), x € oV )

where 6V is the set of boundary vertices, which will be discussed in more detail later, and
the functions f and g represent internal and boundary sources, respectively. Equation (1)
has been studied both when the edges are equally-weighted and when the edge weighting
varies throughout the graph [8,16,17]. In this work, we consider the effect of introducing
inhomogeneities on the vertices rather than on the edges, as represented by the addition
of a (vertex) potential term to equation (1). We call this problem diffuse scattering on
graphs because of its analogy to a related problem in the continuous setting, where the
vertex potential is often called the absorption. A similar problem arises in the study
of Schrédinger operators on graphs, see for example [6,7,10-12,40]. In order to develop
the necessary foundations to formulate corresponding inverse problems, which will be
analyzed in subsequent works, we also study the role of boundary conditions on the
solutions. In particular, we consider Dirichlet, Neumann and Robin, or mixed, boundary
conditions, which are often employed in the continuous setting.

The graph analog of Poisson’s equation is related to the classical problem of resistor
networks first studied by Kirchhoff in 1847 [31]. In that setting, one is given a collection
of interconnected resistors to which a voltage source is attached at various points [20].
The resulting system can be thought of as a weighted graph, with each edge correspond-
ing to a particular resistor and the vertices representing the connections between them
[20]. In the event that all the resistors are identical, the voltage at each point satisfies
Poisson’s equation on the associated graph [19]. In this setting, one seeks either to map
the network, finding its corresponding graph [20], solely by measuring the current or
potential at various points in the network. This physical analogy is also employed for
graph sparsification [41], as well as in near linear-time solvers for symmetric, diagonally
dominant linear systems [21,32,47].

Discrete analogs of PDEs on graphs are not limited to Poisson-type problems and
are used extensively in lattice dynamics where we consider the graph analog of the
Helmholtz equation [34,44], which arises when considering the Fourier transform of the
wave equation. In lattice theory, one problem of particular importance is to examine the
propagation of phonons through a crystal in order to determine the size and location of
imperfections [34,44].
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