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A symplectic matrix S ∈ C2n×2n satisfies S = J−1ST J for 
J =

[
0

−In

In
0

]
∈ R2n×2n. We will consider symplectic equiva-

lence, similarity and congruence transformations and answer 
the question under which conditions a 2n ×2n matrix is diag-
onalizable under one of these transformations. In particular, 
we will give symplectic analogues of the singular value decom-
position and the Takagi factorization.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that
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• Any matrix A ∈ C
n×n is unitarily equivalent to a diagonal matrix (singular value 

decomposition (SVD) [6, Section 3.4]).
• A matrix A ∈ C

n×n is unitarily similar to a diagonal matrix if and only if A is 
normal (that is, AA∗ = A∗A where A∗ denotes the conjugate transpose of A [6, 
Theorem 2.5.4]).

• A matrix A ∈ C
n×n is unitarily congruent to a diagonal matrix if and only if A is 

symmetric (Takagi factorization [6, Corollary 4.4.4]).

Note that unitary matrices are those matrices which preserve length in the Euclidean
norm. That is, those matrices U ∈ C

n×n satisfying [Ux, Uy] = [x, y] for all x, y ∈ C
n

where [·,·] denotes the Euclidean inner product on Cn

[x, y] = x∗y.

Observe that U is unitary if and only if UU∗ = U∗U = I and that a unitary matrix 
is necessarily normal. Clearly, the adjoint of a matrix A ∈ C

n×n with respect to [·,·] is 
given by A∗.

Here we will discuss symplectic analogues of the above statements. The symplectic 

matrices are the isometries of the bilinear form 〈·,·〉J2n associated with J2n ≡
[

0 In
−In 0

]

〈x, y〉J2n ≡ xTJ2ny

for all x, y ∈ C
2n (that is, any matrix P with 〈Px, Py〉J2n = 〈x, y〉J2n , for all x, y ∈ C

2n is 
symplectic). Observe that A ∈ C

2n×2n is symplectic if and only if ATJ2nA = J2n. Clearly, 
the adjoint of a matrix A ∈ C

2n×2n with respect to 〈·,·〉J2n is given by J−1
2n ATJ2n. We 

omit the subscript if the size of J is clear from the context. For the ease of notation, let 
us define the operator φJ : C2n×2n → C

2n×2n by

φJ (A) = J−1ATJ. (1)

In analogy to the definition of normal matrices, a matrix A ∈ C
2n×2n will be called 

φJ normal if

φJ(A)A = AφJ(A). (2)

In particular, we will prove

• A matrix A ∈ C
2n×2n is symplectically equivalent to a diagonal matrix if and only 

if AφJ(A) is similar to φJ (A)A and AφJ(A) is diagonalizable (symplectic SVD).
• A matrix A ∈ C

2n×2n is symplectically similar to a diagonal matrix if and only if 
φJ(A)A = AφJ(A) (that is, A is φJ normal) and A is diagonalizable.

• A matrix A ∈ C
2n×2n is symplectically congruent to a diagonal matrix if and only 

if A is symmetric and AφJ(A) is diagonalizable (symplectic Takagi factorization).
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