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In this paper, we find bounds for the 1-norm of the inverses 
of triangular matrices whose columns may decrease to zero. 
These results complement those obtained by Berenhaut et al. 
in [1] where the columns cannot decrease to zero. Also, we 
extend the 1-norm estimates obtained for Toeplitz matrices, 
by Liu et al. in [5], to a non-Toeplitz class. Finally, we 
construct a class of matrices where the estimates obtained 
are the best.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Uniform estimates for the norms of the inverses of matrices play an important role in 
the computational resolution of systems of equations arising from discretizations of some 
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problems in applied sciences. In this sense, we are interested to find suitable estimates 
for 1-norms of the inverses of triangular matrices of the form

Bn =

⎛
⎜⎜⎜⎜⎝

b11
b21 b22
...

. . .
bn1 bn,n−1 bnn

⎞
⎟⎟⎟⎟⎠ ,

where the coefficients (bij), i ≥ j ≥ 1 are positive. It is known that its inverse matrix is 
of the same type, namely

B−1
n =

⎛
⎜⎜⎜⎝

x11

x21 x22
...

. . .
xn1 xn,n−1 xnn

⎞
⎟⎟⎟⎠ .

In this case, the coefficients of Bn and B−1
n are related as follows: bjjxjj = 1 and 

i∑
k=j

bikxkj = 0 for all i > j ≥ 1. Therefore, for each fixed j ≥ 1, xij is the solution of the 

following initial value problem: for i > j,

xij = −
i−1∑
k=j

bik
bii

xkj with initial data xjj = 1/bjj .

Uniform estimates for the 1-norm of inverses of matrices defined by

‖B−1
n ‖1 = max

1≤j≤n

n∑
i=j

|xij |,

were obtained by several authors, some of them can be found in [1–3,5–7]. In particular, 
we shall mention some of them: in [1], Berenhaut et al. found uniform bounds for the 
1-norm of a class of inverses of matrices, obtaining the following result

Theorem 1.1. (See [1,2].) Assume that

1. bij ≥ β0 > 0, for i ≥ j ≥ 1,
2. bi+1,j ≤ bij, for i ≥ j ≥ 1.

Then, we have the uniform bound:

‖B−1
n ‖1 ≤ 2

β0
, ∀n ≥ 1.
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