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The First Szegő Limit Theorem gives a remarkable connection 
between the eigenvalues distribution of a Hermitian Toeplitz 
matrix and its symbol. This result was extended by Avram 
and Parter to the singular values of complex Toeplitz matrices. 
The purpose of this note is to extend their results to a larger 
class of matrices whose entries are equidistributed and have 
small mean variation. We also present applications to Kac–
Murdock–Szegő matrices, block Toeplitz and locally Toeplitz 
matrices.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let T be the unit circle in the complex plane C and let a ∈ L2(T). The Toeplitz 
matrix Tn(a) of order n with symbol a is defined as the matrix

Tn(a) = [âj−i]ni,j=1
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where âk is the kth Fourier coefficient of a, i.e.

âk = 1
2π

π∫
−π

a(t)e−ikt dt.

The Avram–Parter Theorem [4,2] is concerned with the asymptotic distribution of the 
singular values σk;n of Tn(a). It states

lim
n→∞

1
n

n∑
k=1

ϕ(σk,n) = 1
2π

π∫
−π

ϕ(|a(t)|) dt

for every continuous function ϕ on R+ = [0, ∞). This result was first obtained by Parter 
[11] for bounded continuous symbols and then extended by Avram [1] to symbols in 
L∞(T). The above version with symbols in L2(T) is due to Tyrtyshnikov and Zama-
rashkin [16]. Other extensions were obtained for the block-matrix case [13,15] and the 
locally Toeplitz case [14,12].

In this paper, we extend the Avram–Parter Theorem to a class of non-Toeplitz ma-
trices. Namely, we consider sequences of matrices whose diagonals satisfy a vanishing 
mean variation condition and whose entries are equidistributed with respect to some 
probability measure on compact subsets of l2(C).

In the next section, we recall some definitions and state our main result – the proof 
is given in the third section of the paper. We conclude with some applications to Kac–
Murdock–Szegő matrices, block matrices and locally Toeplitz matrices.

2. Main result

For any non-negative integers m and n, let m ∧ n = min{m, n} and let Mm,n(C) be 
the set of all m by n matrices with complex entries. We denote the singular values of 
Am,n ∈ Mm,n(C) by

σ1(Am,n) ≥ σ2(Am,n) ≥ · · · ≥ σm∧n(Am,n) ≥ 0.

Recall, the Frobenius and operator norms of Am,n are respectively given by

‖Am,n‖F =
(

m∧n∑
k=1

σ2
k(Am,n)

)1/2

and ‖Am,n‖∞ = σ1(Am,n).

In order to compute the limiting statistical distribution (LSD) of the singular values of 
sequences of matrices {Am,n}, it is customary to impose some restrictions on the growth 
of the entries aij of Am,n. Here, we make the assumption
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