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Prony’s method is a prototypical eigenvalue analysis based 
method for the reconstruction of a finitely supported complex 
measure on the unit circle from its moments up to a certain 
degree. In this note, we give a generalization of this method 
to the multivariate case and prove simple conditions under 
which the problem admits a unique solution. Provided the 
order of the moments is bounded from below by the number 
of points on which the measure is supported as well as by 
a small constant divided by the separation distance of these 
points, stable reconstruction is guaranteed. In its simplest 
form, the reconstruction method consists of setting up a 
certain multilevel Toeplitz matrix of the moments, compute 
a basis of its kernel, and compute by some method of choice 
the set of common roots of the multivariate polynomials whose 
coefficients are given in the second step. All theoretical results 
are illustrated by numerical experiments.

© 2015 Elsevier Inc. All rights reserved.

* Corresponding author at: Osnabrück University, Institute of Mathematics, Germany.
E-mail addresses: skunis@uos.de (S. Kunis), petert@uos.de (T. Peter), troemer@uos.de (T. Römer), 

uvonderohe@uos.de (U. von der Ohe).

http://dx.doi.org/10.1016/j.laa.2015.10.023
0024-3795/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2015.10.023
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:skunis@uos.de
mailto:petert@uos.de
mailto:troemer@uos.de
mailto:uvonderohe@uos.de
http://dx.doi.org/10.1016/j.laa.2015.10.023
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2015.10.023&domain=pdf


32 S. Kunis et al. / Linear Algebra and its Applications 490 (2016) 31–47

1. Introduction

In this paper we propose a generalization of de Prony’s classical method [10] for the 
parameter and coefficient reconstruction of univariate finitely supported complex mea-
sures to a finite number of variables. The method of de Prony lies at the core of seemingly 
different classes of problems in signal processing such as spectral estimation, search for 
an annihilating filter, deconvolution, spectral extrapolation, and moment problems. Thus 
we provide a new tool to analyze multivariate versions of a broad set of problems.

To recall the machinery of the classical Prony method let C∗ := C \{0} and let f̂j ∈ C∗
and pairwise distinct zj ∈ C∗, j = 1, . . . , M , be given. Let δzj denote the Dirac measure 
in zj on C∗ and let

μ =
M∑
j=1

f̂jδzj

be a finitely supported complex measure on C∗. By the Prony method the f̂j and zj are 
reconstructed from 2M + 1 moments

f(k) =
∫
C∗

xkdμ(x) =
M∑
j=1

f̂jz
k
j , k = −M, . . . ,M.

Since the coefficients p̂� ∈ C, � = 0, . . . , M , of the (not a priori known) so-called Prony 
polynomial

p(Z) :=
M∏
j=1

(Z − zj) =
M∑
�=0

p̂�Z
�

fulfill the linear equations

M∑
�=0

p̂�f(�−m) =
M∑
j=1

f̂jz
−m
j

M∑
�=0

p̂�z
�
j =

M∑
j=1

f̂jz
−m
j p(zj) = 0, m = 0, . . . ,M,

and are in fact the unique solution to this system with p̂M = 1, reconstruction of the zj
is possible by computing the kernel vector (p̂1, . . . , p̂M−1, 1) of the rank-M Toeplitz 
matrix

T := (f(k − �))�=0,...,M
k=0,...,M

∈ C
M+1×M+1

and, knowing this to be the coefficient vector of p, compute the roots zj of p. Afterwards, 
the coefficients f̂j of f (that did not enter the discussion until now) can be uniquely re-
covered by solving a Vandermonde linear system of equations. When attempting to 
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