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New properties of q-ary cyclotomic cosets modulo n = qm−1, 
where q ≥ 3 is a prime power, are investigated in this paper. 
Based on these properties, the dimension as well as bounds 
for the designed distance of some families of classical cyclic 
codes can be computed. As an application, new families of 
nonbinary Calderbank–Shor–Steane (CSS) quantum codes as 
well as new families of convolutional codes are constructed 
in this work. These new CSS codes have parameters better 
than the ones available in the literature. The convolutional 
codes constructed here have free distance greater than the 
ones available in the literature.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Properties of cyclotomic cosets are extensively investigated in the literature in order 
to obtain the dimension as well as lower bounds for the minimum distance of cyclic codes 
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[23,22,24,30,33,34]. Such properties were useful to derive efficient quantum codes [6,31,5,
32,12,2,3,13–15,20]. In [24], the authors explored properties of binary cyclotomic cosets 
to compute the ones containing two consecutive integers. In [30,33,34], properties of 
q-ary cyclotomic cosets (q-cosets for short) modulo qm−1 were investigated. In [2,3], the 
authors established properties on q-cosets modulo n, where gcd(n, q) = 1, to compute 
the exact dimension of BCH codes of small designed distance, providing new families 
of quantum codes. Additionally, they employed such properties to show necessary and 
sufficient conditions for dual containing (Euclidean and Hermitian) BCH codes. Recently, 
in [13,15,20], the author has investigated properties of q-cosets as well as properties of 
q2-cosets in order to construct several new families of good quantum BCH codes.

Motivated by all these works, we show new properties of q-cosets modulo n = qm− 1, 
where q ≥ 3 is a prime power. Since the nonbinary case has received less attention in the 
literature, in this paper we deal with nonbinary alphabets. As was said previously, these 
properties allow us to compute the dimension and bounds for the designed distance of 
some families of cyclic codes. Since the true dimension and minimum distance of BCH 
codes are not known in general, this paper contributes to this research. As an application 
of these results, we construct families of new Calderbank–Shor–Steane (CSS) quantum 
codes (i.e., CSS codes with new parameters; codes with parameters not known in the 
literature) as well as new families of convolutional codes. These new CSS codes have 
parameters given by

• [[q2 − 1, q2 − 4c + 5, d ≥ c]]q, where 2 ≤ c ≤ q and q ≥ 3 is a prime power;
• [[n, n − 2m(c − 2) − m/2 − 1, d ≥ c]]q, where n = qm − 1, q ≥ 3 is a prime power, 

2 ≤ c ≤ q and m ≥ 2 is even;
• [[n, n − m(2c − 3) − 1, d ≥ c]]q, where n = qm − 1, q ≥ 3 is a prime power, m ≥ 2

and 2 ≤ c ≤ q.

The new convolutional codes constructed here have parameters

• (n, n −2q+1, 2q−3; 1, dfree ≥ 2q+1)q, where q ≥ 4 is a prime power and n = q2−1;
• (n, n − 2q, 2q − 4; 1, dfree ≥ 2q + 1)q, where q ≥ 4 is a prime power and n = q2 − 1;
• (n, n − 2[q + i], 2[q − 2 − i]; 1, dfree ≥ 2q + 1)q, where 1 ≤ i ≤ q − 3, q ≥ 4 is a prime 

power and n = q2 − 1;
• (n, n − 2q + 1, 1; 1, dfree ≥ q + 2)q, q ≥ 4 is a prime power and n = q2 − 1;
• (n, n − 2q + 1, 2i + 1; 1, dfree ≥ q + i + 3)q, 1 ≤ i ≤ q− 3, q ≥ 4 is a prime power and 

n = q2 − 1.

The paper is organized as follows. In Section 2, we review some basic concepts on 
q-cosets and cyclic codes. In Section 3, we present new results and properties of q-cosets. 
In Section 4, by applying some properties of q-cosets developed in the previous section, 
we compute the dimension and lower bounds for the minimum distance of some families 
of classical cyclic codes. Further, we utilize these cyclic codes to construct new good 
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