Linear Algebra and its Applications 487 (2015) 301-315

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

FI.SEVIER www.elsevier.com/locate/laa

Forward stable eigenvalue decomposition of @
. . . . CrossMark
rank-one modifications of diagonal matrices

N. Jakovcevié¢ Stor »*!', 1. Slapnicar !, J.L. Barlow ?

& Faculty of Electrical Engineering, Mechanical Engineering and Naval
Architecture, University of Split, Rudjera Boskoviéa 32, 21000, Split, Croatia

Department of Computer Science and Engineering, The Pennsylvania State
University, University Park, PA 16802-6822, USA

ARTICLE INFO ABSTRACT
Article history: We present a new algorithm for solving an eigenvalue
Received 29 August 2014 problem for a real symmetric matrix which is a rank-one

Accepted 11 September 2015
Available online 26 September 2015
Submitted by V. Mehrmann

modification of a diagonal matrix. The algorithm computes
each eigenvalue and all components of the corresponding
eigenvector with high relative accuracy in O(n) operations.

MSC: The algorithm is based on a shift-and-invert approach. Only
65F15 a single element of the inverse of the shifted matrix eventually
65G50 needs to be computed with double the working precision.
15-04 Each eigenvalue and the corresponding eigenvector can be
15B99 computed separately, which makes the algorithm adaptable

for parallel computing. Our results extend to the complex
Keywords: Hermitian case. The algorithm is similar to the algorithm for

Eigenvalue decomposition
Diagonal-plus-rank-one matrix
Real symmetric matrix
Arrowhead matrix

High relative accuracy
Forward stability

solving the eigenvalue problem for real symmetric arrowhead
matrices from N. Jakovéevié Stor et al. (2015) [16].
© 2015 Elsevier Inc. All rights reserved.

* Corresponding author.
E-mail addresses: nevena@fesb.hr (N. Jakovéevié¢ Stor), ivan.slapnicar@fesb.hr (I. Slapni¢ar),
barlow@cse.psu.edu (J.L. Barlow).
! The research of Ivan Slapniar and Nevena Jakovéevié Stor was supported by the Ministry of Science,
Education and Sports of the Republic of Croatia under grant 023-0372783-1289.
2 The research of Jesse L. Barlow was supported by the National Science Foundation under grant
CCF-1115704.

http://dx.doi.org/10.1016/j.1aa.2015.09.025
0024-3795/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2015.09.025
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:nevena@fesb.hr
mailto:ivan.slapnicar@fesb.hr
mailto:barlow@cse.psu.edu
http://dx.doi.org/10.1016/j.laa.2015.09.025
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2015.09.025&domain=pdf

302 N. Jakovéevié Stor et al. / Linear Algebra and its Applications 487 (2015) 301-315

1. Introduction and preliminaries

In this paper we consider the eigenvalue problem for an n x n real symmetric matrix A
of the form

A=D +pz2T, (1)
where

D = diag(dy, da, . . ., dy)

is a diagonal matrix of order n,

Z:[Cl (CIIERE Cn}T

is a vector and p # 0 is a scalar. Notice that A is a rank-one modification of a diagonal
matrix. Subsequently, we shall refer to such matrices as “diagonal-plus-rank-one” (DPR1)
matrices. DPR1 matrices arise, for example, in solving symmetric real tridiagonal eigen-
value problems with the divide-and-conquer method [6], [9], [13], [25, Sections 3.2.1
and 3.2.2], [26, Section IIL.10].

Without loss of generality, we make the following assumptions:

~ p > 0 (otherwise we consider the matrix A = —D — pzzT),
— Aisirreducible, that is, (; # 0,71 =1,...,n,and d; # dj, foralli # j, 4,7 =1,...,n,
and

— the diagonal elements of D are decreasingly ordered,
dy>do > - > dy. (2)
Indeed, if {; = 0 for some ¢, then the diagonal element d; is an eigenvalue whose corre-
sponding eigenvector is the ¢-th unit vector, and if d; = d;, then d; is an eigenvalue of the
matrix A (we can reduce the size of the problem by annihilating (; with a Givens rota-
tion in the (4, j)-plane). Ordering of the diagonal elements of D is attained by symmetric

row and column pivoting.
Let

A=VAVT

be the eigenvalue decomposition of A, where

A =diag(A1, Ag, ..., An)
is a diagonal matrix whose diagonal elements are the eigenvalues of A, and
V= |:'U1 ot Up ]

is an orthonormal matrix whose columns are the corresponding eigenvectors.
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