
Linear Algebra and its Applications 485 (2015) 33–46

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

Inverse of the distance matrix of a cycle–clique 

graph

Yaoping Hou a,b,∗, Aixiang Fang a, Yajing Sun a

a Department of Mathematics, Hunan Normal University, Changsha, Hunan, China
b Department of Mathematics, Hunan First Normal University, Changsha, Hunan, 
China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 13 December 2014
Accepted 16 July 2015
Available online 25 July 2015
Submitted by R. Brualdi

MSC:
05C50
15A09
15A15

Keywords:
Distance matrix
Cycle
Clique
Inverse matrix

A connected graph G, all of whose blocks are cycles or cliques, 
is called a cycle–clique graph. Let D be the distance matrix 
of G. By a theorem of Graham et al., we have det(D) �= 0 if 
all cycle blocks have odd vertices. In this paper we give the 
formula for the inverse of D.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

All graphs in this paper are connected and simple. In a graph G, the distance d(u, v)
between two vertices u, v is the length of the shortest path between them. The distance 
matrix D(G) of a graph G is a matrix with (u, v)-entry d(u, v). Let A be an n ×n matrix. 
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Fig. 1. An example of cycle–clique graph.

Recall that the cofactor ci,j is defined as (−1)i+j times the determinant of the submatrix 
obtained by deleting row i and column j of A. Let Cof (A) =

∑
i,j ci,j be the sum of all 

cofactors of A. Graham, Hoffman and Hosoya [5] proved a very attractive theorem about 
the determinant of the distance matrix D(G) of a connected graph G as a function of 
the distance matrix of its blocks:

Theorem 1.1. Let G be a graph with blocks G1, G2, · · · , Gr. Then

Cof (D(G)) =
r∏

i=1
Cof (D(Gi))

det(D(G)) =
r∑

i=1
det(D(Gi))

∏
j �=i

Cof (D(Gj)).

A graph G is called a cycle–clique graph if all of its blocks are cycles or cliques. For 
example, unicyclic graphs (connected graphs with the same number of vertices and edges) 
and cactus graphs (connected graphs whose blocks are cycles or edges) are cycle–clique 
graphs. The graph depicted in Fig. 1 is a cycle–clique graph with five blocks C5, K2, C3, 
K2, K4.

From Theorem 1.1, we can give a formula for the determinant of the distance matrix 
D(G) of a cycle–clique graph G in terms of the sizes of its blocks and the number of 
all vertices. By Lemma 2.4, we see that detD(G) �= 0 if and only if all cycle blocks of 
G have odd number of vertices. Hence, we are interested in finding the inverse D(G)−1

of D(G).
For the case when all blocks of G are K2 (i.e. G is a tree) it is known [1,6] that 

D(G)−1 = −L(G)
2 + 1

2(n−1)ττ
T , where L(G) is the Laplacian matrix of G and τ is the 

n × 1 column vector with τ(v) = 2 − deg(v). Similarly, it is known that when all blocks 
are cliques [3] we have D(G)−1 = −L̂+ 1

λG
ββT where L̂ is a Laplacian-like matrix of G

and β is a suitable column vector (see [3] for details). Thus D−1 is a constant times L
plus a multiple of a rank one matrix. Some similar results can be found in [2,4,7,8]. We 
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