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We investigate a special type of closed subgroups of the topo-
logical group UT(∞, K) of infinite-dimensional unitriangular 
matrices over a field K (|K| > 2), considered with the natu-
ral inverse limit topology. Namely, we generalize the concept 
of partition subgroups introduced in [23] and define partition 
subgroups in UT(∞, K). We show that they are all closed 
and discuss the problem of their invariance to various group 
homomorphisms. We prove that a characteristic subgroup of 
UT(∞, K) is necessarily a partition subgroup and characterize 
the lattices of characteristic and fully characteristic subgroups 
in UT(∞, K). We conclude with some implications of the 
given characterization on verbal structure of UT(∞, K) and 
T(∞, K) and use some topological properties to discuss the 
problem of the width of verbal subgroups in groups defined 
over a finite field K.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let K be a field such that |K| > 2. By T(n, K) we denote the group of all invertible 
upper triangular matrices of size n ×n over the field K. Further, by UT(n, K) we denote
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the subgroup of T(n, K) consisting of all unitriangular matrices (i.e. the triangular ma-
trices having all diagonal entries equal to 1), and by D(n, K) we denote the subgroup 
of T(n, K) consisting of all diagonal matrices with nonzero diagonal entries. For i > j

the group T(i, K) (and so UT(i, K), and D(i, K)) may be mapped onto T(j, K) (respec-
tively UT(j, K) and D(j, K)) using the projection πij (or its restrictions πij |UT(i,K) and 
πij |D(i,K)), which deletes the last (i − j) rows and the last (i − j) columns of the matrix. 
The limits of the obtained inverse spectra (T(i,K), πi,i−1), 

(
UT(i,K), πi,i−1|UT(i,K)

)
and 

(
D(i,K), πi,i−1|D(i,K)

)
will be denoted by T(∞, K), UT(∞, K) and D(∞, K) re-

spectively, and called the groups of infinite triangular, infinite unitriangular and infinite 
diagonal matrices. The elements of T(∞, K), UT(∞, K) and D(∞, K) are the matrices 
with entries indexed by the set N × N. The group UT(∞, K) contains as a subgroup 
the stable group UTf (∞, K) of all finitary infinite matrices, which may be constructed 
as a direct limit of groups UT(n, K), n ∈ N, with natural embeddings. Similarly, the 
direct limits of triangular and diagonal matrix groups will be denoted by Tf (∞, K) and 
Df (∞, K), respectively.

In the past few years, the groups of infinite matrices have drawn attention of many 
researchers [5–7,16,17]. Among others one finds results on various aspects of groups 
T(∞, K) and UT(∞, K), like those concerning their subgroup structure, their auto-
morphisms, or solvability of special types of equations [3,4,18–20]. Being inverse limits, 
the groups T(∞, K) and UT(∞, K) may be considered in a natural way as topological 
groups, and in particular – profinite groups, if K is finite (for more information on profi-
nite groups see [13] and [14]). In the latter case, the topological properties of T(∞, K)
and UT(∞, K) turn out to be interesting both as a self-contained study and as a tool 
for investigations of the verbal structure in these groups [15]. This was the motivation 
of the research presented within this paper.

Throughout the paper all finitely dimensional matrices will be denoted with lowercase 
letters, while for the infinite matrices we will use the uppercase letters. For every matrix 
a ∈ UT(n, K) (or A ∈ UT(∞, K)) and m ≤ n by a[m] (and A[m], respectively) we 
denote the top-left block of size m ×m of matrix a (or A). The identity matrices in the 
groups UT(n, K) and UT(∞, K) will be denoted by en and E. Every finitely dimensional 
unitriangular matrix a ∈ UT(n, K) may be written as a sum:

a = en +
∑

1≤i<j≤n

aijeij ,

where eij denotes elementary matrix of size equal to the size of a, which has 1 in the 
place (i, j) and zeros elsewhere (infinite elementary matrices will be denoted by Eij). 
Every matrix A ∈ UTf (∞, K) (or in Tf (∞, K) or Df (∞, K)) differs from E only in a 
finite block A[n] for some n.

In groups UT(n, K), UT(∞, K) and UTf (∞, K) we distinguish the respective sub-
groups UT(n, m, K), UT(∞, m, K) and UTf (∞, m, K), which consist of all those ma-
trices, whose all entries on the first m superdiagonals are zeros. It is well known (see 
e.g. [8]) that the series of subgroups
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