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Based on affine maps in geometry, we study the geodesic-affine
maps on Riemannian manifolds P,, of complex positive defi-
nite matrices that are induced by different so-called kernel
functions. In this article, we are going to describe the struc-
ture of all continuous bijective geodesic-affine maps on these
manifolds. We also prove that geodesic distance isometries
are geodesic-affine maps. Moreover, the forms of all bijec-
tive maps which preserve norms of geodesic correspondence
are characterized. Indeed, these maps are special examples of
geodesic-affine maps.
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1. Introduction

Let P, be the set of all n x n complex positive definite matrices. An affine map ¢ on
P,, is a map satisfying that

(1 —-t)A+tB) = (1 —t)p(A) + to(B), te0,1], A,B€P,.

Namely, ¢ maps the segment joining A, B onto segment joining ¢(A), ¢(B). It is known
that the set P, can be equipped with certain Riemannian structures via different Rie-
mannian metrics and the geodesics in these manifolds play the same role as segments.
Therefore we can define the geodesic-affine map ¢ as a map sending the points of geodesic

v4,B(t) joining A, B into geodesic v4(a),4(5)(t) joining ¢(A), ¢(B), i.e.,
¢(va,B(t)) = Vpa),0m) (1),  t€[0,1], A, BeP,.

In addition, we say that ¢ preserves norms of geodesic correspondence if

a8l = s .o @I, t€[0,1), A, BeP,.

In this paper, we will study the geodesic-affine maps in P,,. The paper is organized
as follows. In the present section we introduce the necessary notion and notation which
will be used throughout the paper. In Section 2, we characterize the structural results
of the geodesic-affine maps on these Riemannian manifolds. Section 3 is concerned with
the relationship between geodesic-affine maps and geodesic distance isometries. We will
show that every geodesic distance isometry is a geodesic-affine map, and the converse is
not always true. In Section 4, the forms of maps which preserve the norm of all points of
geodesics in Riemannian manifolds corresponding to different kinds of kernel functions
will be studied. We will show that these maps are also geodesic distance isometries, and
hence are geodesic-affine maps.

Throughout this paper we denote by M, the set of all n X n complex matrices and
by H,, the set of all n x n Hermitian matrices. The elements of P,, form an open subset
of H,, and it can be equipped with a Riemannian structure such that the tangent space
at any foot point D € P, is identified with H,,. A Riemannian metric Kp: H, x H,, —
[0,00) is a family of inner products on H,, depending smoothly on the foot point D. If
¢: (0,00) x (0,00) — (0,00) is a so-called kernel function, i.e., it is a symmetric function
(p(z,y) = o(y,x), for every z,y € (0,00)), and is smooth in its both variables, and

n

D has the spectral decomposition Z AiP;, then a Riemannian metric can be defined by
i=1

n
K§H(H,K):= > o\, \)) "t BHP,K, De€P,, HK cH,, (1.1)

4,J=1
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