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A subspace X of a vector space over a field K is hyperinvariant 
with respect to an endomorphism f of V if it is invariant for 
all endomorphisms of V that commute with f . We assume 
that f is locally nilpotent, that is, every x ∈ V is annihilated 
by some power of f , and that V is an infinite direct sum 
of f -cyclic subspaces. In this note we describe the lattice of 
hyperinvariant subspaces of V . We extend a result of Fillmore, 
Herrero and Longstaff (1977) [2] to infinite dimensional 
spaces.
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1. Introduction

Let V be a vector space over a field K and let f be an endomorphism of V . A subspace 
X of V is called hyperinvariant (with respect of f) if it is invariant for all endomorphisms 
of V that commute with f (see [1, p. 227], [4, p. 305]). An endomorphism f of V is said 
to be locally nilpotent [5, p. 37] if every x ∈ V is annihilated by some power of f . In this 
note we are concerned with locally nilpotent endomorphisms with the property that the 
underlying vector space V is an infinite direct sum of finite-dimensional f -cyclic sub-
spaces. It is the purpose of our paper to describe the lattice of hyperinvariant subspaces 
of V . We extend results of Fillmore, Herrero and Longstaff [2] (see [4, Chapter 9]) to 
infinite-dimensional spaces.

Let tj , j ∈ N, be the dimensions of the cyclic subspaces that are direct summands 
of V . Then V has a decomposition

V =
⊕
j∈N

Vtj , Vtj =
⊕
σ∈Sj

Vtjσ where Vtjσ
∼= K[s]/f tjK[s]. (1.1)

In (1.1) the direct summands of dimension tj are gathered together in subspaces Vtj , 
respectively. We assume

tj < tj+1, j ∈ N. (1.2)

The main result of the paper is the following.

Theorem 1.1. Suppose V is locally nilpotent with respect to f and let (1.1) and (1.2) hold. 
For a subspace X ⊆ V the following statements are equivalent.

(i) X is hyperinvariant.
(ii) X is of the form

X =
⊕
j∈N

frjVtj (1.3)

with

0 ≤ rj ≤ tj , j ∈ N, (1.4)

and

rj ≤ r�, tj − rj ≤ t� − r�, if j ≤ �. (1.5)

(iii) We have

X =
∑
j∈N

(
Im frj ∩ Ker f tj−rj

)
(1.6)

with (rj)j∈N satisfying (1.4) and (1.5).
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