
Linear Algebra and its Applications 480 (2015) 27–43

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

Projection onto simplicial cones by Picard’s method

Jorge Barrios a,1, Orizon P. Ferreira a,∗,2, Sándor Z. Németh b,3

a IME/UFG, Campus II, Caixa Postal 131, Goiânia, GO, 74001-970, Brazil
b School of Mathematics, The University of Birmingham, The Watson Building, 
Edgbaston, Birmingham B15 2TT, United Kingdom

a r t i c l e i n f o a b s t r a c t

Article history:
Received 2 December 2014
Accepted 14 March 2015
Available online 26 April 2015
Submitted by M. Benzi

MSC:
90C33
15A48
90C20

Keywords:
Projection
Simplicial cones
Moreau’s decomposition theorem
Picard’s method

By using Moreau’s decomposition theorem for projecting 
onto cones, the problem of projecting onto a simplicial cone 
is reduced to finding the unique solution of a nonsmooth 
system of equations. It is shown that Picard’s method applied 
to the system of equations associated with the problem of 
projecting onto a simplicial cone generates a sequence that 
converges linearly to the solution of the system. Numerical 
experiments are presented making the comparison between 
Picard’s and semi-smooth Newton’s methods to solve the 
nonsmooth system associated with the problem of projecting 
a point onto a simplicial cone.
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1. Introduction

The interest in the subject of projection arises in several situations, having a wide 
range of applications in pure and applied mathematics such as convex analysis (see e.g. 
[1]), optimization (see e.g. [2–7]), numerical linear algebra (see e.g. [8]), statistics (see 
e.g. [9–11]), computer graphics (see e.g. [12]) and ordered vector spaces (see e.g. [13–18]). 
More specifically, the projection onto a polyhedral cone, which has as a special case the 
projection onto a simplicial one, is a problem of high impact on scientific community.4

The geometric nature of this problem makes it particularly interesting and important in 
many areas of science and technology such as statistics (see e.g. [11]), computation (see 
e.g. [19]), optimization (see e.g. [20,7]) and ordered vector spaces (see e.g. [16]).

The projection onto a general simplicial cone is difficult and computationally ex-
pensive, this problem has been studied e.g. in [21,22,5,23,16,7]. It is a special convex 
quadratic program and its KKT optimality conditions form the linear complementarity 
problem (LCP) associated with it, see e.g. [24,23,7]. Therefore, the problem of projecting 
onto simplicial cones can be solved by active set methods [25–27,24] or any algorithms for 
solving LCPs, see e.g. [25,24] and special methods based on its geometry, see e.g. [23,24]. 
Other fashionable ways to solve this problem are based on the classical von Neumann al-
gorithm (see e.g. the Dykstra algorithm [28,10,29]). Nevertheless, these methods are also 
quite expensive (see the numerical results in [20] and the remark preceding Section 6.3 
in [30]).

In this paper we particularize the Moreau decomposition theorem for simplicial cones. 
This leads to an equivalence between the problem of projecting a point onto a simplicial 
cone and one of finding the unique solution of a nonsmooth system of equations. We apply 
Picard’s method to find a unique solution of the obtained associated system. Under a 
mild assumption on the simplicial cone we show that the method generates a sequence 
that converges linearly to the solution of the associated system of equations. Numerical 
experiments are presented making the comparison between Picard’s and semi-smooth 
Newton’s methods for solving the nonsmooth system associated with the problem of 
projecting a point onto a simplicial cone.

The organization of the paper is as follows. In Section 2, some notations, basic re-
sults used in the paper and the statement of the problems that we are interested are 
presented, in particular, the problem of projecting onto simplicial cone. In Section 3 we 
present some results about projection onto simplicial cones. In Section 4 we present two 
different Picard’s iterations for solving the problem of projecting onto simplicial cone. 
In Section 5 theoretical and numerical comparisons between Picard’s methods and semi-
smooth Newton’s method for solving the problem of projecting onto simplicial cone [31]
are provided. Some final remarks are made in Section 6.

4 See the popularity of the Wikimization page Projection on Polyhedral Cone at http://www.
convexoptimization.com/wikimization/index.php/Special:Popularpages.
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