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1. Introduction

Let © = (z1,...,2,) and y = (y1,...,yn)" be two vectors in R and let z+ =

(:c%, cee x}l) be the vector obtained by rearranging the coordinates of x in decreasing

order, i.e. le’ > x% > ... >z} Then z is said to be majorized by y (written x < y) if
k
Sab< oyt k=1,2,....n (1.1)
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n n

and Y. :UZ¢ => yzi Respectively z is said to be weakly majorized by y (written x<,y)
i=1 i=1

if  and y satisfy (1.1), see [10].

A nonnegative matrix is doubly stochastic if the sum of all entries in each row and
each column is 1. Respectively a nonnegative matrix is doubly substochastic if the sum of
all entries in each row and each column is less than or equal to 1. It is a well known fact
that every doubly stochastic matrix is a convex combination of finitely many permutation
matrices.

Theorem 1.1 (Birkhoff’s theorem). The set of nxn doubly stochastic matrices is a convex
set whose extreme points are the permutation matrices.

Respectively a doubly substochastic matrix is a convex combination of finitely many
matrices having at most one entry 1 in each row and each column and all other entries
zero.

We know that x < y if and only if x = Dy for some doubly stochastic matrix D.
Respectively for nonnegative x and y, x<,y if and only if © = Dy for some doubly
substochastic matrix D, see [2] and [5].

By |A| we mean [|a;;|] for each A = [a;;] € My m. If < y and y < & we write z ~ y.

2. B-majorization

Let V' be a finite dimensional real vector space, O(V) the orthogonal group acting
on V and G a closed subgroup of O(V). The group G induces an equivalence relation
on V, defined by x ~ y if and only if y = gz for some g € G. The equivalence classes of
this relation are called the orbits of G. For each y € V' the orbit of y is as follows:

Oc (y) = {gylg € G}.

A vector z is said to be G-majorized by y if © € conv(Og (y)), where the notation
conv(A) is the convex hull of a set A.

Definition 2.1. A signed permutation matrix is a matrix with exactly one entry +1 or
—1 in each row and each column and all other entries zero.

We denote the set of all signed permutation matrices by S;,. If G = S,, is the group
of permutation matrices, we reach to the classical majorization. The Coxeter group of
type B, is the group of signed permutations of n letters. It can be represented by n x n
signed permutation matrices. For more information see [4,7]. The majorization induced
by group B,, is called the B-majorization and is denoted by <p.

Definition 2.2. A real matrix D = [d;;] € M, , is called generalized substochastic if
> ldijl <1forevery i (1 <i<n)and ) |d;;| <1 forevery j (1 <j<m).
j=1 i=1
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