
Linear Algebra and its Applications 475 (2015) 240–250

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

Interpolated inequalities for unitarily invariant 

norms

M. Sababheh a,b,∗

a Department of Basic Sciences, Princess Sumaya University For Technology, 
Al Jubaiha, Amman 11941, Jordan
b Department of Mathematics, Sharjah University, Sharjah, United Arab Emirates

a r t i c l e i n f o a b s t r a c t

Article history:
Received 19 December 2014
Accepted 21 February 2015
Available online 6 March 2015
Submitted by R. Bhatia

MSC:
15A39
15B48
47A30
47A63

Keywords:
Young’s inequality
Norm inequalities
Unitarily invariant norm inequalities

In this article we interpolate the well known Young and 
Heinz inequalities for unitarily invariant norms, and some 
of their known refinements. Then we prove new interpolated 
refinements. In the end, we use this interpolation idea to prove 
a hidden monotonicity behavior these inequalities obey.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The ν-version of Young’s inequality

aνb1−ν ≤ νa + (1 − ν)b; a, b > 0, 0 ≤ ν ≤ 1 (1.1)
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has attracted many researchers due to its applications in the theory of inequalities. This 
inequality can be written in different equivalent ways, among which is the (p, q)-version

apbq ≤ p

p + q
ap+q + q

p + q
bp+q; a, b, p, q > 0. (1.2)

This inequality has been studied, refined and extended to other spaces, and one of the 
most interesting applications is the matrix versions. In the sequel, Mn will denote the 
set of all n × n complex matrices, while M+

n will denote the set of positive semidefinite 
matrices in Mn. The ν-version of Young’s inequality for matrices states that

‖|AνXB1−ν‖| ≤ ν‖|AX‖| + (1 − ν)‖|XB‖|;A,B ∈ M
+
n , X ∈ Mn, 0 ≤ ν ≤ 1, (1.3)

where ‖| ‖| is any unitarily invariant norm. The first proof of this inequality is due to [1], 
where a stronger version was given for the singular values.

Since then, the inequality has been studied extensively in different approaches. For 
example, in [5] the following refinement of the ν-version of real numbers was proved

(aνb1−ν + a1−νbν)2 + 2r0(a− b)2 ≤ (a + b)2, (1.4)

where a, b > 0, 0 ≤ ν ≤ 1 and r0 = min{ν, 1 − ν}. In fact the proof of this refinement 
was based on the other refinement

aνb1−ν + r0(
√
a−

√
b)2 ≤ νa + (1 − ν)b,

proved in the same paper. On the other hand, the refinement

(aνb1−ν)2 + r2
0 (a− b)2 ≤ (νa + (1 − ν)b)2 (1.5)

was proved earlier in [4].
The study of this inequality is wide, hence we refer the reader to [2,5,6], to mention 

a few, for more on these and related inequalities.
In fact, one can say that the study of these inequalities is targeting matrices more 

than real numbers. It can be seen that each of the aforementioned inequalities has its 
own matrix version, with the use of some norm. For example, the matrix version of (1.5)
is

‖AνXB1−ν‖2
2 + r2

0‖AX −XB‖2
2 ≤ ‖νAX + (1 − ν)XB‖2,

where A, B ∈ M
+
n , X ∈ Mn and ‖ ‖2 is the Hilbert–Schmidt norm. Again we refer the 

reader to the references to see more examples on such matrix versions.
Our main goal in this paper is to interpolate the (p, q)-version of Young’s inequality 

for unitarily invariant norms, then to interpolate some of the known refinements and to 
give new interpolated refinements. In the end, these interpolations will be used to study 
some monotonicity behavior of these inequalities.
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