
Linear Algebra and its Applications 475 (2015) 292–305

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

On the inversion of infinite moment matrices

C. Escribano 1, R. Gonzalo ∗,1, E. Torrano 1

Departamento de Matemática Aplicada, Facultad de Informática de Madrid, 
Universidad Politécnica, Campus de Montegancedo, Boadilla del Monte, 28660, 
Madrid, Spain

a r t i c l e i n f o a b s t r a c t

Article history:
Received 16 September 2014
Accepted 24 February 2015
Available online 10 March 2015
Submitted by P. Semrl

MSC:
44A60
15A29

Keywords:
Hermitian moment problem
Orthogonal polynomials
Smallest eigenvalue
Measures
Inverses of infinite matrices

Motivated by [8] we study the existence of the inverse of an 
infinite Hermitian positive definite matrix (in short, HPD ma-
trix) from the point of view of the asymptotic behaviour of 
the smallest eigenvalues of the finite sections. We prove a suf-
ficient condition to assure the inversion of an HPD matrix 
with square summable rows. For infinite Toeplitz matrices we 
introduce the notion of asymptotic Toeplitz matrix and we 
show that, under certain assumptions, the inverse of an infi-
nite Toeplitz positive definite matrix is asymptotic Toeplitz. 
Such inverses are computed in terms of the limits of the co-
efficients of the associated orthogonal polynomials. We apply 
these results in the context of the theory of orthogonal poly-
nomials. In particular, we show that for measures on the unit 
circle T verifying that the smallest eigenvalue of the finite sec-
tions of the corresponding moment matrix are away from zero 
in the limit we may assure the existence of all the limits of 
the coefficients of the orthonormal polynomials with respect 
to such measures.
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1. Introduction

Let M = (ci,j)∞i,j=0 be an infinite Hermitian matrix, i.e., ci,j = cj,i for all i, j non-
negative integers. Following [12] we say that M is positive definite (in short, an HPD 
matrix) if |Mn| > 0 for all n ≥ 0, where Mn is the truncated matrix of size (n +1) ×(n +1)
of M. To each HPD matrix M can be associated an inner product on the linear space 
of polynomials P[z] as follows: if p(z) =

∑
n vnz

n and q(z) =
∑

n wnz
n then

〈p, q〉 =
(
v0 v1 v2 . . .

)
M

⎛
⎜⎜⎜⎜⎝

w0
w1
w2
...

⎞
⎟⎟⎟⎟⎠ . (1)

M is the Gram matrix of the inner product (1) in the vector space of polynomials P[z], 
i.e., < zi, zj >= ci,j . Let {Pn(z)}∞n=0 be the orthonormal polynomials with respect to 
such inner product and write

Pn(z) =
n∑

k=0

bk,nz
k.

The orthonormal polynomials {Pn(z)}∞n=0 are uniquely determined by orthonormality if 
bn,n > 0 and can be given as (see e.g. [19])

Pn(z) = 1√
|Mn−1||Mn|

∣∣∣∣∣∣∣∣∣∣∣∣

c0,0 c0,1 . . . c0,n
c1,0 c1,1 . . . c1,n
...

...
...

cn−1,0 cn−1,1 . . . cn−1,n
1 z . . . zn

∣∣∣∣∣∣∣∣∣∣∣∣
, n ≥ 1, P0 = 1. (2)

Define the infinite upper triangular matrix B = (bk,n)∞k,n=0 with bk,n = 0 if k > n. 
This matrix can be considered as the infinite transition matrix from the algebraic basis 
B′ = {Pn(z)}∞n=0 to B = {zn}∞n=0. Indeed, each finite section Bn of B is the corre-
sponding transition matrix from the algebraic basis B′

n = {P0(z), . . . , Pn(z)} in the 
linear vector space Pn[z] of polynomials of degree at most n, to the standard basis 
Bn = {1, z, . . . , zn}. Since Mn, In are both matricial representations of the same inner 
product with respect to Bn, B′

n respectively, then

Bt
nMnBn = In,

and consequently M−1
n = BnBt

n. This result in the case of Hankel matrices going back 
to A.C. Aitken, cf. [10] has been recovered several times see [5,8] (also [12] in the context 
of moment Hermitian matrices). In particular, if An = BnBt

n, it follows that
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