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Infinite matrices

Infinite order linear recurrences are studied via kneading ma-
trices and kneading determinants. The concepts of kneading
matrix and kneading determinant of an infinite order linear
recurrence, introduced in this work, are defined in a purely
linear algebraic context. These concepts extend the classical
notions of Frobenius companion matrix to infinite order lin-
ear recurrences and to the associated discriminant of finite
order linear recurrences. Asymptotic Binet formulas are de-
duced for general classes of infinite order linear recurrences
as a consequence of the analytical properties of the generat-
ing functions obtained for the solutions of these infinite order
linear recurrences.
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1. Introduction

The concept of kneading determinant was introduced by Milnor and Thurston [7] in
the late eighties of the last century in the context of one-dimensional dynamics. Later
on, it was shown that the kneading determinant of an interval map can be regarded as
the determinant of a pair of linear endomorphisms with finite rank, see [1] and [2]. This
latter point of view, purely linear algebraic, is the link between the Milnor and Thurston
notion and our definition of kneading determinant of a linear recurrence. Indeed, as we
will see, the kneading determinant of an infinite order linear recurrence is a particular
case of the above mentioned determinant of a pair of linear endomorphisms with finite
rank described in [2].

The main objective of this paper is to show that the kneading determinants play an
important role in the study of infinite vector recurrences, giving directly the generating
functions of the solution of the problem. In addition, the determinants present a pow-
erful computational tool to obtain the actual solutions of finite and infinite order linear
recurrences.

Linear recurrences have a long history, they constitute generalizations of the eight
centuries old finite linear recurrences of Leonardo de Pisa, or Fibonacci [10]

Gnt1 = qn +qn-1, With gp =0, gt =1 and n > 1.

In the 19th century Jacques Philippe Marie Binet popularized a formula, earlier known
to De Moivre, solving the Fibonacci recurrence as a function of n.
In a series of papers [8,11,3], Rachidi and other authors studied linear infinite order

scalar recurrences. Given an infinite sequence of coefficients {a;} with some

i=0,1,2...7
possible conditions on the sequence, like periodicity [3], positivity of the coefficients, see
the recent work [9], or the existence of some limit, the problem was to find a solution of

the infinite order linear scalar recurrences

—+o0

Gnt1 = Y Qign—i, for n >0, (1)
=0

with an infinite set of initial conditions {qi}izO,—l,—Q,.A.' By studying the results of these
researchers, namely on Binet formulas, we adopted a new approach to the problem
using the different technique of kneading determinants. We apply this new method to
a wider class of recurrences, obtaining solutions and asymptotic behaviour showing the
conceptual and computational power of kneading determinants. One of the advantages
of using generating functions is the possibility of analyzing the asymptotic behaviour
using the analytical properties of the generating function.

The paper is organized as follows, in Sections 2 and 3, we introduce the terminology
and the main results of this paper, we generalize this problem to vectorial recurrences
(2) and present their solutions. Naturally, the method solves scalar recurrences as a par-
ticular case. We present three fundamental results characterizing the solutions of infinite
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