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A 1989 result of Duarte asserts that for a given tree T on 
n vertices, a fixed vertex i, and two sets of distinct real 
numbers L, M of sizes n and n − 1, respectively, such that M
strictly interlaces L, there is a real symmetric matrix A such 
that graph of A is T , eigenvalues of A are given by L, and 
eigenvalues of A(i) are given by M . In 2013, a similar result 
for connected graphs was published by Hassani Monfared and 
Shader, using the Jacobian method. Analogues of these results 
are presented here for real skew-symmetric matrices whose 
graphs belong to a certain family of trees, and all of their 
supergraphs.
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1. Introduction

Inverse eigenvalue problems (IEP’s) have long been studied because of many appli-
cations that they have in various areas of science and engineering [1,2]. That is, to find 
a matrix in a certain family of matrices with prescribed eigenvalues, eigenvectors, or 
both. In particular, structured inverse eigenvalue problems (SIEP’s) have received a lot 
of attention [3]. For example, one might be interested in finding matrices which have pre-
scribed eigenvalues where the solution matrix has a certain zero-nonzero pattern. In this 
paper we study an SIEP which asks about the existence of a real skew-symmetric matrix 
with a specific zero-nonzero pattern where the eigenvalues of the matrix and the eigenval-
ues of a principal submatrix of it are prescribed and are distinct. We shall give a precise 
formulation of the problem (which we call the λ −μ skew-symmetric SIEP), and a solution 
when the structure of the matrix is defined by a family of trees and their supergraphs.

Cauchy interlacing inequalities [4] assert that the eigenvalues of a real symmetric 
matrix and those of a principal submatrix of it satisfy certain inequalities. Namely, if A
is an n × n real symmetric matrix with eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λn, and B is an 
(n −1) × (n −1) principal submatrix of A with eigenvalues μ1 ≤ μ2 ≤ · · · ≤ μn−1. Then

λ1 ≤ μ1 ≤ λ2 ≤ · · · ≤ μn−1 ≤ λn. (1.1)

Note that Cauchy interlacing inequalities hold for any Hermitian matrix A in general. 
The spectrum of a square matrix A, denoted by σ(A), is the set of eigenvalues of A. For 
the preceding A and B, we say that σ(B) interlaces σ(A). If the inequalities in (1.1) are 
all strict, we say σ(B) strictly interlaces σ(A).

Here we introduce similar inequalities to Cauchy interlacing inequalities for skew-
symmetric matrices. Since all the eigenvalues of any skew-symmetric matrix are purely 
imaginary numbers, we define an ordering on the imaginary axis of the complex plane. 
Let i denote the complex number 

√
−1 and iR = {ia : a ∈ R}. For a, b ∈ iR we say a ≤ b

whenever −ia ≤ −ib, and the equality holds if and only if a = b. Let S = {a1, . . . , an}
be a subset of iR. S is said to be presented in increasing order if a1 ≤ a2 ≤ · · · ≤ an. 
Throughout this article we always present spectra of skew-symmetric matrices in increas-
ing order. If S = {a1, . . . , an} is presented in increasing order, then a1 is said to be the 
smallest element of S, a2 is said to be the second smallest element of S, and so on.

Let A = {λ1, . . . , λn} and B = {μ1, . . . , μn−1} be subsets of iR, presented in increasing 
order. B is said to interlace A if λ1 ≤ μ1 ≤ λ2 ≤ · · · ≤ μn−1 ≤ λn. Similarly B is said 
to strictly interlace A if λ1 < μ1 < λ2 < · · · < μn−1 < λn. Now Cauchy interlacing 
inequalities for skew-symmetric matrices can be stated as follows.

Theorem 1.1 (Cauchy interlacing inequalities for skew-symmetric matrices). Let A be an 
n ×n real skew-symmetric matrix and B be an (n −1) × (n −1) principal submatrix of A. 
Then σ(B) interlaces σ(A).

Proof. Let A be an n × n real skew-symmetric matrix and B be an (n − 1) × (n − 1)
principal submatrix of A. Let σ(A) = {λ1, . . . , λn} and σ(B) = {μ1, . . . , μn−1}.
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