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Let A = [an,kln,k>0 be an infinite lower triangular matrix
defined by the recurrence

ap,0 = 1, Ap41,k = ThOn k—1 + Sk@n k& + thr10n,k+1,

where a,,r = 0 unless n > k > 0 and ry, sk, ty are all non-
negative. Many well-known combinatorial triangles are such
matrices, including the Pascal triangle, the Stirling triangle
(of the second kind), the Bell triangle, the Catalan triangles
of Aigner and Shapiro. We present some sufficient conditions
such that the recursive matrix A is totally positive. As ap-
plications we give the total positivity of the above mentioned
combinatorial triangles in a unified approach.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let A = [an k]n,k>0 be an infinite matrix. It is called totally positive of order r (or

shortly, TP,.), if its minors of all orders < r are nonnegative. It is called TP if its

minors of all orders are nonnegative. Let (a,,)n>0 be an infinite sequence of nonnegative
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numbers. It is called a Pdlya frequency sequence of order r (or shortly, a PF,. sequence),
if its Toeplitz matrix

ao
ap ag
[ai—jlijzo = [ 92 91 Ao
az az aq an

is TP,. It is called PF if its Toeplitz matrix is TP. We say that a finite sequence
ag,ay, ..., an is PF, (PF, resp.) if the corresponding infinite sequence ag, ay, . .., ay, 0, . ..
is PF, (PF, resp.). We say that a nonnegative sequence (a,,) is log-convez (log-concave,
resp.) if a;a;41 > aiv10; (a;a541 < aip1aj, resp.) for 0 < i < j. Clearly, the sequence
(an) is log-concave if and only if it is PFs, i.e., its Toeplitz matrix [a;—;]; j>0 is TPy,
and the sequence is log-convex if and only if its Hankel matrix

ag a1 ay ag
ap ay az ag
[@ijlijz0 = | 92 93 @4 05
ag as as ag

is TP2 [5]
Let 7 = (1k)k>1, 0 = (Sk)k>0, T = (tk)k>1 be three sequences of nonnegative numbers
and define an infinite lower triangular matrix

ao,0
aio 4aizi
A= AT = [an,k}n,k>o = | a0 G21 azpo

azo as;1 32 as;s

by the recurrence

ap,0 = 1, An41,k = TkQn k—1 + SkOn k + th410n, k41, (1)

where a, ; = 0 unless n > k > 0. Following Aigner [3], we say that A™>7 is the recursive
matriz and a, o are the Catalan-like numbers corresponding to (m, 0, 7). Such triangles
arise often in combinatorics and many well-known counting coefficients are Catalan-like
numbers. The following are several basic examples of recursive matrices.
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