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In this paper we study adaptive £*) QN methods, involving
special matrix algebras of low complexity, to solve general
(non-structured) unconstrained minimization problems. These
methods, which generalize the classical BFGS method, are
based on an iterative formula which exploits, at each step,
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an ad hoc chosen matrix algebra £*). A global convergence
result is obtained under suitable assumptions on f.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Quasi-Newton methods for the unconstrained minimization of a function f: R™ — R

are based on iterative schemes of the form xj.1 = xj + Ardg, where djy is a descent
direction in xj, i.e. Vf(xx)Tdg <0, and )y, is the steplength.
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Let us recall that any descent direction dj for f in the current guess xj solves the
equation Axdy = —gy for some real symmetric positive definite (pd) matrix Ay approx-
imating the Hessian of f in xj, where gy, is the first derivative vector V f(xy) (see [9]).

A good property that quasi-Newton methods should have, seems to be that Ay
satisfies the equation Agii1sy = yir (Secant equation), where sy = xp41 — X and
Yi = 8k+1 — k. Quasi-Newton methods with such property will be referred to as Secant.
Apparently, the secant equation is far to be a mere optional condition. In [12, p. 24] it is
observed that the equality Aj+18; = yx mimics the fundamental property of the Hessian
V2f(Xpi1)sk ~ yr, whereas in [4, p. 54] the same equality “is central for the develop-
ment of quasi-Newton methods, and therefore it has often been called the quasi-Newton
equation”. Also in [1, p. 223] the secant equation appears as a fundamental ingredient in
the definition of quasi-Newton methods.

In [7,10,8,9,6] it was introduced a new class of algorithms, named LQN, which includes
methods of Secant type, in particular the well known BFGS method, and, at the same
time, some methods which are not Secant but have relevant good properties (f.i. global
convergence). The main purpose consisted in saving the second order information of the
matrix By, produced by the BFGS method to approximate a full (not sparse) Hessian
of f, in a form that allows to reduce the high (O(n?)) computational cost per step of
BFGS. More in detail, a substantial generalization of the BFGS scheme has been therein
proposed by an updating Hessian approximation formula of the form

Bii1 = ®(By, sk, Yi) (1)

where By, is a suitable approximation of By, and @ is the BFGS-type rank-two correction
of B:
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The BFGS method is retrieved if B, = By, for all k. Moreover, a suitable choice of B,
yields the important class of LQN methods, where the quasi-Newton matrix approx-
imating the Hessian is defined also in terms of a matrix algebra £. The matrices of
this algebra £ are simultaneously reduced to diagonal form by a unitary matrix U, i.e.
L =sdU = {L = Ud(z)U™} where d(z) denotes the diagonal matrix of the eigenvalues
z; of L. In fact, if By, is the best approximation £ B, in L of By, in Frobenius norm, then
from (1) we obtain a simple single-array iteration to compute the eigenvalues of Lp, .,
from the eigenvalues of Lp, [7]. At least two choices are possible for the new descent
direction dg41:
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The first choice yields a Secant (S) algorithm, because Bjy118; = y, whereas the second
choice yields a Non-Secant (NS) procedure, as Bk_Hsk is in general different from yy.
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