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We develop a tool for locating eigenvalues of the normalized 
Laplacian matrix of trees. This is obtained by extending 
an algorithm designed for the adjacency matrix, due to 
Jacobs and Trevisan (2011). As an application, we study 
the multiplicity of normalized Laplacian eigenvalues of small 
diameter trees. Our main result is the characterization of 
the trees that have 4 or 5 distinct normalized Laplacian 
eigenvalues. We also show that with a fixed diameter these 
trees are determined by their normalized Laplacian spectrum.
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1. Introduction

The normalized Laplacian matrix of a graph, introduced by Chung in [4], has been 
extensively studied over the last years. Given G(V, E), a simple undirected graph of 
order n, the normalized Laplacian matrix of G is the n ×n matrix with rows and columns 
indexed by the vertices of G, whose entries are

L(u, v) =

⎧⎨
⎩

1, if u = v and du > 0,
− 1√

du·dv
, if {u, v} ∈ E,

0, otherwise,

where dv denotes the degree of a vertex v ∈ V .
In his Ph.D. dissertation, Cavers [2, Section 2.3] showed that when dealing with ran-

dom walks the normalized Laplacian matrix is a more natural tool than the widely used 
adjacency and combinatorial Laplacian matrices. Moreover, there are some properties of 
the spectrum that make the normalized Laplacian easier to study than other common
matrices. For instance, the normalized spectrum of any graph G is in [0, 2], and the 
largest eigenvalue of L(G) is 2 if and only if a connected component of G is a non-
trivial bipartite graph. In addition, the spectrum of any bipartite graph is symmetric 
about 1, including multiplicities [4]. In the special case where the graph is a tree, it 
follows that 0 and 2 are simple eigenvalues. For a more detailed perspective about 
spectral properties of the normalized Laplacian matrix, we refer to Butler [1] and 
Cavers [2].

We are interested in investigating the normalized Laplacian spectrum of graphs 
having few distinct eigenvalues. A motivation for studying these graphs is given by 
van Dam and Omidi in [5], where they claim that most of these graphs are not de-
termined by the spectrum, which means it is hard to distinguish them by the spec-
trum.

In [2, Corollary 2.6.4], Cavers proved that a connected graph G on n ≥ 3 vertices 
has exactly 2 distinct L-eigenvalues if and only if G is the complete graph. He also 
characterized the graphs that have exactly 3 distinct L-eigenvalues, in the case they 
contain at least one pendant vertex. He showed that these graphs must have diame-
ter 2, thus the only tree with this property is the star. In [5], van Dam and Omidi 
gave a combinatorial characterization of graphs whose normalized Laplacian has three 
distinct eigenvalues, without restrictions on the vertices of the graph G. Therefore, 
trees with exactly 2 or 3 distinct L-eigenvalues are known: the complete graph on 
two vertices K2 and the star Sn, n > 2, respectively. In this paper we characterize 
the trees that have exactly 4 or 5 distinct normalized Laplacian eigenvalues, and show 
that there are no isomorphic trees in this set with the same diameter. This means that 
the trees with 4 or 5 L-eigenvalues and fixed diameter are determined by their spec-
trum.

We first notice that Chung [4] showed that if D is the diameter of a weighted 
graph G, then the normalized Laplacian matrix of G has at least D + 1 distinct eigen-
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