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Efficient Riccati equation based techniques for the approxi-
mate solution of discrete time linear regulator problems are 
restricted in their application to problems with quadratic 
terminal payoffs. Where non-quadratic terminal payoffs are 
required, these techniques fail due to the attendant non-
quadratic value functions involved. In order to compute these 
non-quadratic value functions, it is often necessary to ap-
peal directly to dynamic programming in the form of grid-
or element-based iterations for the value function. These it-
erations suffer from poor scalability with respect to problem 
dimension and time horizon. In this paper, a new max-plus 
based method is developed for the approximate solution of dis-
crete time linear regulator problems with non-quadratic pay-
offs. This new method is underpinned by the development of 
new fundamental solutions to such linear regulator problems, 
via max-plus duality. In comparison with a typical grid-based 
approach, a substantial reduction in computational effort is 
observed in applying this new max-plus method. A number of 
simple examples are presented that illustrate this and other 
observations.
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1. Introduction

After more than 40 years of study, the “linear quadratic regulator problem” (or LQR 
problem) remains ubiquitous in the field of optimal control [2,6]. Given a specific linear 
time invariant system, quadratic running payoff, and terminal payoff, the objective of the 
LQR (optimal control) problem is to determine a control sequence that (when applied to 
the linear system in question) maximizes the aggregated running and quadratic terminal 
payoffs over a specific (possibly infinite) time horizon. It is well known that the value 
function defined by the LQR problem is quadratic. The Hessian of this quadratic value 
function is either the solution of a difference (or differential) Riccati equation (DRE) in 
the finite horizon case, or the stabilizing solution of an algebraic Riccati equation (ARE) 
in the infinite horizon case. Solutions to either equation, and hence the corresponding 
LQR problem, can be computed very accurately and efficiently using existing numerical 
tools (for example, MATLABTM).

Both the DRE and ARE encode invariance of the space of quadratic functions (de-
fined on the state space) with respect to the dynamic programming evolution operator 
associated with a quadratic running payoff and linear dynamics. Consequently, both 
equations are restricted in their application to problems with quadratic terminal pay-
offs. Where the terminal payoff employed is non-quadratic, the DRE/ARE solution path 
for the corresponding linear regulator problem is inherently invalid (as the correspond-
ing value function involved need not be quadratic). Instead, it is necessary to appeal 
directly to the dynamic programming principle to obtain an iteration for the value func-
tion. This iteration is in general infinite dimensional, regardless of the state dimension. 
Consequently, approximate value function iterations employing state-space grids, basis 
functions, etc., arise out of necessity, but remain intrinsically limited in their applica-
tion due to the curse-of-dimensionality. Consequently, where the time horizon is long or 
the state dimension high, the approximate solution of a linear regulator problem in the 
company of a non-quadratic terminal payoff remains a computationally expensive (and 
sometimes even prohibitive) exercise.

In this paper, a new computational method is developed for approximating the value 
function associated with a class of discrete time linear regulator problems in which the 
terminal payoff is non-quadratic. Motivated by recent related work [17,8,10,9], this new 
method relies on the development of a max-plus based fundamental solution for the 
class of linear regulator problems of interest. Using max-plus duality arguments [1,3,7,
13,15–17], this fundamental solution captures the behaviour of the associated dynamic 
programming evolution operator, and is independent of the terminal payoff employed. 
By applying this fundamental solution to the terminal payoff associated with a specific 
linear regulator problem, the attendant value function (and hence the solution of this 
linear regulator problem) may be computed. Furthermore, by appealing to the algebraic 
structure of the fundamental solution, a substantial improvement in computation time 
relative to grid-based iterative methods can be achieved. This improvement is demon-
strated via a number of computational examples. In addition, the limiting behaviour 
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