Linear Algebra and its Applications 477 (2015) 148-164

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

www.elsevier.com/locate/laa

Non-bipartite graphs of fixed order and size that @ Cosetark
minimize the least eigenvalue

Ivana Jovovié ! Tamara Koledin®?, Zoran Stani¢ "

2 Faculty of Electrical Engineering, University of Belgrade, Bulevar kralja
Aleksandra 73, 11000 Belgrade, Serbia

b Faculty of Mathematics, University of Belgrade, Studentski trg 16,
11000 Belgrade, Serbia

ARTICLE INFO ABSTRACT
Article history: In this paper we determine the unique graph with minimal
Received 7 December 2014 least eigenvalue (of the adjacency matrix) within the set
Accepted 23 March 2015 of connected graphs of fixed order n and size m, whenever
Available online 4 April 2015 m = ’—ﬁ] Lﬂj + a, where a is a fixed integral constant in
Submitted by S. Friedland 21L2 ’

(151 =1].
MSC: © 2015 Elsevier Inc. All rights reserved.
05C50
Keywords:

Nested split graph
Adjacency matrix
The least eigenvalue
Extremal graphs

* Corresponding author. Tel.: +381 11 32 18 367; fax: +381 11 32 48 681.
E-mail addresses: ivana@Qetf.rs (I. Jovovié¢), tamara@etf.rs (T. Koledin), zstanicQmatf.bg.ac.rs,

zstanic@math.rs (Z. Stanic).

! Research is partially supported by Serbian Ministry of Education, Science and Technological
Development, Project 174032.

2 Tel.: 4381 11 32 18 367; fax: +381 11 32 48 681.

3 Research is partially supported by Serbian Ministry of Education, Science and Technological
Development, Projects 174012 and 174033.

4 Tel.: +381 11 20 27 842; fax: +381 11 63 01 51.

http://dx.doi.org/10.1016/j.1aa.2015.03.027
0024-3795/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2015.03.027
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:ivana@etf.rs
mailto:tamara@etf.rs
mailto:zstanic@matf.bg.ac.rs
mailto:zstanic@math.rs
http://dx.doi.org/10.1016/j.laa.2015.03.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2015.03.027&domain=pdf

I. Jovovié et al. / Linear Algebra and its Applications 477 (2015) 148-164 149

1. Introduction

Let G be a simple graph with vertex set Vi and edge set Eg. Its order |Vi| and size
|Ec| are denoted by n and m. The characteristic polynomial (of the adjacency matrix
Ag) of G is denoted by ¢¢, while the corresponding roots,

M(G) > Xa(G) > - > X\ (G),

are just the eigenvalues of G. In this paper the least eigenvalue is rather denoted by
A(G). The collection of eigenvalues (with repetition) is called the spectrum of G.

In comparison with the largest one, the least eigenvalue has received less attention
in literature and the most of results are dealt with producing bounds or characterizing
graphs with minimal least eigenvalue subject to prescribed properties (not to be listed
here).

The investigation of connected graphs of fixed order and size that minimize the least
eigenvalue is initiated by Bell et al. [1,2]. They proved that any such a graph is either
bipartite or obtained as a join of two nested split graphs (the definitions are given in the
next section).

Since for bipartite graphs A\ (G) = —A(G), the investigation of connected bipartite
graphs with minimal least eigenvalue reduces to the investigation of the same graphs with
maximal largest eigenvalue. Such investigation is introduced by Cvetkovié et al. [4] and
rediscovered later by Bhattacharya et al. [3]. It is proved that the resulting graph must
belong to the class of so-called double nested graphs. The problem is resolved in certain
particular cases in which the connectedness is not stipulated and as the result appears
a graph obtained from a complete bipartite graph by joining some vertices that belong
to one colour class with an isolated vertex. It is also conjectured that any solution to
this problem must be of this kind. The subject of this paper are connected non-bipartite
graphs and, as it is announced in the abstract, we determine the unique graph (of fixed
order and size) that minimizes the least eigenvalue whenever its size equals [5]] 5] + a,
where a is a fixed constant in [1, (%1 — 1].

The paper is organized as follows. In Section 2 we fix the basic notation, give pre-
liminary results and set up some details that will be frequently used in the sequel. In
Section 3 we formulate our main result and, to make the reading easier, give a brief
concept of its proof. The considerably long proof with many details is separated into
Section 4.

2. Preliminaries

A path, cycle, totally disconnected and a complete graph on n vertices are denoted by
P,, C,, O, and K,, respectively. A complete bipartite graph with ny (resp. ng) vertices

in the first (resp. second) colour class is denoted by K, Any complete (resp. totally
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disconnected) induced subgraph of a graph is called the clique (resp. co-clique).
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