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1. Introduction

Let T > 2 be an integer, T = {1,2,---,T}. In this paper, we consider the eigenvalues
of the following linear eigenvalue problem
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Alp(t — 1)Au(t — 1)] — q(t)u(t) + Aa(t)u(t) =0, teT, (1.1)
u(0) = u(T), u(l) =uw(T +1), (1.2)

where p : {0,1,---,T} — (0,00) satisfies p(0) = p(T), ¢ : T — [0,00) and a : T — R
satisfies the following condition:

(HO) a changes its sign on T, i.e., there exists a proper subset, T, of T, such that

a(t) >0 forte Ty, a(t) <0 forteT\T,.

Let n be the number of elements in T,. Then T — n is the number of elements in
T\T. Further, we will consider the eigenvalues of (1.1) under the antiperiodic boundary
condition, i.e., we will consider the eigenvalues of (1.1) under the boundary condition

w(0) +u(T) =0, u(l)+u(T+1)=0. (1.3)

The study of the eigenvalue problem with sign-changing weight has lasted a long time.
In 1914, Bécher [1] studied the second-order differential equation eigenvalue problem

d
dt
au’(0) — Bu(0) =0, yu'(1) + du(1l) = 0, (1.5)

(kv') + (Am(t) = Du(t) =0, te]0,1], (1.4)

where m changes its sign on [0, 1], L > 0 on [0, 1]. He obtained that (1.4), (1.5) has infinite
real and simple eigenvalues /\ki, which satisfy

CCAL < <A AT <O <A << <

Hess and Kato [2] generalized this result to the second-order elliptic eigenvalue prob-
lem, and Anane et al. [3] generalized these results to the one-dimensional p-Laplacian
eigenvalue problems. For the periodic eigenvalue problem with sign-changing weight,
until 1997, Constantin [4] studied the following periodic eigenvalue problem

u”(t) = q(t)u(t) + dm(t)u(t), te€]0,1], (1.6)
w(0) = u(1), u'(0) = u/(1), (1.7)

where m, ¢ € C[0,1], ¢(t) > 0 and ¢(t) # 0. He obtained that if m changes its sign, then
the problem (1.6), (1.7) has infinite real eigenvalues, i, such that

0< A <A <A <+ = 400
and

0>X) >A] >\ > = —c0.
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